RATIONALITY PROBLEM OF THREE-DIMENSIONAL MONOMIAL 

GROUP ACTIONS 

AKINARI HOSHI, HIDETAKA KITAYAMA, AND AIICHI YAMASAKI 

Abstract. Let K be a field of characteristic not two and K(x, y, z) the rational function field 
over K with three variables x,y,z. Let G be a finite group acting on K(x,y,z) by monomial 
if-automorphisms. We consider the rationality problem of the fixed field K(x,y,z) G under the 
action of G, namely whether K(x,y,z) G is rational (that is, purely transcendental) over K or 
not. We may assume that G is a subgroup of GL(3, Z) and the problem is determined up to 
conjugacy in GL(3, Z). There are 73 conjugacy classes of G in GL(3, Z). By results of Endo- 
Miyata, Voskresenskii, Lenstra, Saltman, Hajja, Kang and Yamasaki, 8 conjugacy classes of 
2-groups in GL(3, Z) have negative answers to the problem under certain monomial actions over 
some base field K, and the necessary and sufficient condition for the rationality of K(x,y,z) 
over K is given. In this paper, we show that the fixed field K(x,y,z) G under monomial action 
of G is rational over K except for possibly negative 8 cases of 2-groups and unknown one case of 
the alternating group of degree four. Moreover we give explicit transcendental bases of the fixed 
fields over K. For the unknown case, we obtain an affirmative solution to the problem under 
some conditions. In particular, we show that if K is quadratically closed field then K(x,y,z) 
is rational over K. We also give an application of the result to 4-dimensional linear Noethcr's 
problem. 



1. Introduction 

Let K be a field of char K ^ 2 and K(xi, . . . , x n ) the rational function field over K with n 
variables x\, . . . , x n . A i^-automorphism a of K(x\, . . . , x n ) is called monomial if 

n 

(1) oi.rO r A a)l[.C-. l<j<n 

i=l 

where [a-i,j]i<i,j< n £ GL(n, Z) and Cj(o~) 6 K x := K \ {0}. If Cj(cr) = 1 for any 1 < j < n then a 
is called purely monomial. A group action on K(xi, . . . ,x n ) by monomial i^-automorphisms is 
called monomial. 

Let G be a finite group acting on K(x±, . . . , x n ) by monomial i^-automorphisms. The aim of 
this paper is to investigate the rationality problem of K{x\, X2, 23) under 3-dimensional monomial 
actions. Namely we consider whether the fixed field K(xi, X2, x^) G under monomial action of G 
is rational (that is, purely transcendental) over K or not. We write K(x,y,z) := K(x\, X2, £3) 
for simplicity. For n — 2,3, the following theorems are known: 

Theorem 1.1 (Hajja [Haj83], [Haj87]). Let K be any field andG a finite group acting onK(x,y) 
by monomial K -automorphisms. Then the fixed field K(x,y) G under monomial action of G is 
rational over K . 

Theorem 1.2 (Hajja-Kang [HK92], [HK94], Hoshi-Rikuna [HR08]). Let K be any field andG 
a finite group acting on K(x,y, z) by purely monomial K- automorphisms. Then the fixed field 
K(x,y,z) G under the purely monomial action of G is rational over K. 

However, for 3-dimensional monomial Q-automorphism o : x 1— )■ y h> z i— > —l/(xyz), the 
fixed field Q(x, y, z)^ is not rational over Q (see [Haj83, page 249]). This phenomenon comes 



2000 Mathematics Subject Classification. Primary 12F20, 13A50, 14E08. 



2 



A. HOSHI, H. KITAYAMA, AND A. YAMASAKI 



from the negative answer to Noether's problem for the cyclic group of order 8 (cf. Endo-Miyata 
[EM73], Voskresenskii [Vos73], Lenstra [Len74], Saltman [Sal82]). 

Let G be a finite group acting on K(x, y, z) by monomial ^-automorphisms. There is a group 
homomorphism p : G — > GL(3, Z), a [di,j]i<i,j<3 where [di,j]i<i,j<3 is given as in (1). Then 
there is a normal subgroup H of G such that (i) K(x,y, z) H = if (ti, £ 2 , £3), (ii) the group G/H 
acts on K(ti,t2, £3) by monomial if-automorphisms and (iii) the associated group homomorphism 
p : G/H — > GL(3,Z) is injective. Hence we may assume that p : G — >■ GL(3, Z) is injective 1 . 
Therefore we treat the case where G is a subgroup of GL(3, Z). 

Let G be a finite subgroup of GL(3, Z). The rationality problem is determined up to conjugacy 
in GL(3,Z) since a conjugate of G corresponds to some base change of K(x,y,z). There are 
73 conjugacy classes [G] of finite subgroups G in GL(3, Z) which are classified into 7 crystal 
systems as in Table 1 of [BBNWZ78]. We denote by [G^fe], 1 < % < 7, the finite group of 
the k-th Z-class of the j-th Q-class of the i-th crystal system of dimension 3, and we take a 
representative C GL(3,Z) of each Z-class as in Table 1 of [BBNWZ78] (cf. also Section 2 
in the present paper). 

Let I n G GL(n, Z) be the nxn identity matrix. In the case of Gi,2,i = (—h), Saltman [SalOO] 
showed that K(x, y, z) Gl ' 2 ' 1 is not rational over K for some field K and choice of Cj(a), (a G £1,2,1) 
where Cj(a) is given as in (1): 

Theorem 1.3 (Saltman [SalOO, Theorem 0.1]). Let K be afield o/char K ^ 2 andG h2 ,i = (-I 3 ) 
act on K(x, y, z) by 

: x 1 — y —, y 1 — y — , z >->■ — , Oj e i^ x , 1 < i < 3. 
x y z 

If [K(^/a~i, y/a~2, y/ai) : K] — 8 then the fixed field K(x, y, z) 01 ' 2 ' 1 is not retract rational over K, 
and hence not rational over K . 

The following generalization of Saltman's result was given by Kang [Kan05]. 

Theorem 1.4 (Kang [Kan05, Theorem 4.4]). Let K be a field of char K 7^ 2 and n > 3. 
If ~ In £ GL(n, Z) acts on K(x±, . . . ,x n ) by —I n : Xi >->■ Oj/xj, Gtj G i^ x ; t/ien £/ie /ixed 
/ieM K(xi, . . . ,x„)(~ /r ^ is not rational over K if and only if [K(y/ai, . . . , y^) : if] > 8. i/ 
if(xi, . . . ,x n )^ _/n ^ -is not rational over K then it is not retract rational over K. 

Kang [Kan04] also established the necessary and sufficient condition for the rationality of 

K (x, y, z) Ga ' 2 ' 2 over any field K: 

Theorem 1.5 (Kang [Kan04, Theorem 1.8]). Let K be any field and G^ 2 ,2 = (— o~4b) act on 
K(x,y,z) by 

— ct 4 b * x 1 — y y 1 — y z 1 — y >->■ x, c G K . 

xyz 

Then K(x, y, z) Gi ' 2 ' 2 is rational over K if and only if at least one of the following conditions is 
satisfied, (i) char K = 2; (ii) c G K 2 ; (iii) -4c G K 4 ; (iv) -1 G K 2 . If K(x,y, z)(- a ^ is not 
rational over K then it is not retract rational over K . 

We put 

(2) Af ■= {[Gi A i], [G 2A i], [G 3 ,i,i], [Gsai], [G 4)2)1 ], [G 4 , 2 , 2 ], [G 4)3> i], [G 4 , 4>1 ]}. 

1 The referee informed the authors of the importance of this assumption. More precisely, see [Haj87, page 46] 
and [KP10, Lemma 2.8]. 
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Yamasaki [Yam] showed that if £ G M then the fixed field K(x,y,z) G under monomial action 
is not rational over K for some field K and choice of coefficients Cj(a), (a G £) where Cj(a) is 
given as in (1). For G E Af, moreover, the necessary and sufficient condition for the rationality 
of K(x, y, z) G over a field K of char K ^ 2 was given in [Yam] by using ideas of Lenstra's paper 
[Len74] and Saltman's paper [SalOO] (cf. Theorem 1.3). 

In the present paper, we treat the cases G G" Af and the main result is the following theorem: 

Theorem 1.6. Let K be a field o/char K ^ 2 and G a finite subgroup o/GL(3, Z) which is not 
in Af ' . Then the fixed field K(x, y, z) G under monomial action of G is rational over K except for 
the case G G [£7,1,1] . 

Moreover a method of this paper enables us to construct transcendental bases of the fixed 
fields K(x,y,z) G over K explicitly, and also gives another proof to Theorem 1.2 which is the 
case of purely monomial actions. 

In the exceptional case £7,1,1 = (r 1; Ai, <t 3 b) = A4, the problem may be reduced to the following 
cases: 



o~sb ' x 1 y y, y 1 y z, z 1 y x 

where a G K x , S\ = ±1. 

For £7,1,1, we prove the following theorem in Section 12: 

Theorem 1.7. Let K be a field o/char K 7^ 2. 

(i) If S\ = 1 then K(x,y, z) 07 ' 1 - 1 is rational over K; 

(ii) If ei = —1 and [K(y/a, yf—l) : K] < 2 then K(x, y, z) 07 * 1 - 1 is rational over K. 

However we do not know whether the fixed field K(x, y, z)^' 1 ' 1 is rational over K or not in the 
case where e 1 = —1 and [K(y/a, \f—l) : K] — 4. When e 1 = —1, we remark that the group £7,1,1 
has a normal subgroup £3,1,1 = (ti,Ai) G Af as in (2) and the corresponding cubic extension 
field K(x,y, z) 03 ' 1 ' 1 is rational over K if and only if [K(y/a, \^T) : K] < 2 by [Yam, Theorem 



By a result of [Yam], Theorem 1.6 and Theorem 1.7, we have the following: 

Theorem 1.8. Let K be a field of char K 7^ 2 and G a finite group acting on K(x,y,z) by 
monomial K -automorphisms. Then there exists L = Kiy-^Ja) where a G K x such that the fixed 
field L(x,y, z) G under the action of monomial L- automorphisms of G is rational over L. 

We give an application of the main results of the rationality problem under monomial group 
actions to linear Noether's problem. For Noether's problem and rationality problem, see e.g. 
[Swa83], [CS07]. 

Let p : G — y GL(V) be a 4-dimensional linear representation of a finite group £. Then £ 
acts on K(V) = K(wi,W2,w 3 ,W4) linearly via p, where {wi, w 2 , w 3 , W4} is a basis of the dual 
space V* = }iom K {V, K). Now we assume that p is monomial, i.e. an induced representation 
from a 1-dimensional representation of a subgroup of £. Then for any g G £, the corresponding 
matrix representation of g has exactly one nonzero entry in each row and each column, that 
is, a monomial matrix. Hence £ acts on K(V) := K(x,y,z) with x = Wi/w^, y = W2/W4, 
z = W3/W4, by monomial action. It is well-known that K(V) G is rational over K(V) G (see e.g. 
[Miy71], [Kem96], [AHKOO], [JLY02]). Therefore, by using Theorems 1.6, 1.7 and 1.8, we may 
obtain the rationality of K(V) G under the 4-dimensional linear action of £ via the rationality 
of K(V)q = K(x,y,z) G under the induced 3-dimensional monomial action. 



(3) 



a e±a 

Ti : x !->■ — , y H> , z h-> E±z, 

x y 



£±a a 
1 : x ^ , y ^ eiy, z H> -, 

x z 



7]- 
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Corollary 1.9. Let K be a field o/char K ^ 2 and p : £ — >■ GL(V) a 4- dimensional monomial 
linear representation. Then there exists L = K(y/a) where a e suc/i t/iai £/ie /ized /ie/<is 
^(V)^ and L(V) G under the induced monomial L- automorphisms of G are rational over L. 

For K = L = C, Corollary 1.9 is obtained by Prokhorov [ProlO, Theorem 5.1]. He solved the 
case G = £7,1,1 with S\ — — 1 via the Segre embedding (see Case Tg 2 in [ProlO, page 265]). For 
K = Q, see [KY09], [KitlO], [YamlO] 2 . 

In Section 2, we give some group information of finite subgroups G = G i: j t k of GL(3, Z). The 
generators of the groups £j,j,fc which we will use in the present paper are available in GAP 
[GAP07] and Table 1 of [BBNWZ78]. 

In Section 3, we recall known results and give some theorems and lemmas which will be used 
in the proof of Theorem 1.6. 

In Sections 4 to 14, we give the proof of Theorem 1.6. In Section 4 (resp. 5), we consider the 
cases of G 2 j,k (resp. £ 3 ,j,fc) which are abelian groups of exponent 2. In Section 6 (resp. 7), we 
study the case (4A) (resp. (4B)) of abelian groups £4,^ which contain ±<t 4 a (resp. ±o" 4B ) of 
order 4. In Section 8 (resp. 9), we treat the case (5 A) (resp. (5B)) of G 5 j jk which have a normal 
subgroup (<7 3 a) (resp. (cr 3B )) of order 3. In Section 10, we treat the cases of Gqj^ which have 
a normal subgroup (<7 3 a)- In the cases of (5A) and Gqj^, we may assume that c = 1, where 
c will be given in (9), without loss of generality except for the five groups £5,1,2, £5,3,2; £5,3,35 
£6,1,1 and £6,4,1- In Section 11, we consider the case c 7^ 1 for the exceptional five cases. These 
cases occur only over a field K 3 3 and some difficulties appear because (<73a) acts on both 
K(x,y) and K(z) faithfully. Finally we treat the cases of £7,^,1, £7,^,2 and £7,^,3 which have a 
non-normal subgroup (033) in Sections 12, 13 and 14, respectively. 



2. Notation 

Let S n (resp. A n , T> n , C n ) be the symmetric group (resp. the alternating group, the dihedral 
group, the cyclic group) of degree n of order n\ (resp. n\/2, 2n, n). 

The generators of the groups £jj,jfc C GL(3, Z) below are available in Table 1 of [BBNWZ78] 
and in GAP [GAP07] via the command GeneratorsOf Group(MatGroupZClass (3 , i , j ,k)). 

There are 2 generators <t 3 a and <t 3B of £i,j,fe of order 3 and 4 generators <t 4 a, — o"4a, 0"4Bj — °4B 
of £j,j,fc of order 4: 



0"3A 



04A 





1 -1 






1 











1 


1 




1 



0~3B 



0"4B 



1 

1 
1 

1 
1 -1 
-1 1 



Let I3 be the 3x3 identity matrix. For pi, p 2 G Gi,j,k, we denote the commutator of p\ and 
P2 by [pi,p 2 ] = Pi 1 p 2 1 pip2- 

The 2 groups £i,j,fe of the 1st crystal system in dimension 3 are: 



Gi,i,i ={h}, 



M 3 G h2A = (-I 3 ) C 2 . 



2 See also the recent paper by Kang and Zhou [KZ]. 
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The 6 groups G^j.fc of the 2nd crystal system in dimension 3 are abelian groups of exponent 
2 which are defined as 



£2,1,1 — (Ai) = C2, 
£2,2,1 = (— Ai) = C2, 
A/" 3 G 2)3 ,i = (A 1; -7 3 ) = C 2 x C 2 , 



£2,1,2 = (-«) — C 2 , 

£2,2,2 = (a) = C 2 , 

G 2 , 3 ,2 = (-a, -7 3 ) = C 2 x C 2 



where 



Ai 



-10 
1 
0-1 



1 

1 
1 



-1 
-1 









The 13 groups £ 3j -,fc of the 3rd crystal system in dimension 3 are abelian groups of exponent 
2 which are defined as 



A/" 3 £3,1,1 = 


(ri,Ai) =C 2 xC 2 , 




£3,1,2 = 


(ti, -a) 


= C 2 x C 2 , 


£3,1,3 = 


(r 2 , A 2 ) = C 2 x C 2 , 




£3,1,4 = 


(r 3 , A 3 ) = C 2 x C 2 , 


£3,2,1 = 


(n, -Ai) ^ C 2 x C 2 , 




£3,2,2 = 


(n,a) = 


C 2 x C 2 , 


£3,2,3 = 


(-a,f3) = C 2 xC 2 , 




£3,2,4 = 


(r 2 , -A 2 ) 


= C 2 x C 2 , 


£3,2,5 = 


(t 3 , -A 3 ) = C 2 x C 2 , 










A/" 3 £3,3,1 = 


(ri,Ai,-/ 3 ) =C 2 x C 2 


x C 2 , 


£3,3,2 = 


(ri, -a, 


-7 3 ) =C 2 xC 2 x C 2 , 


£3,3,3 — 


(r 2 , A 2 , - J 3 ) =C 2 xC 2 


xC 2 , 


£3,3,4 = 


(t 3 , A 3 , - 


■^3) — ^2 x C2 X C2 



where 



(4) 





" -1 


" 







1 







" 


1 -1 " 


Tl = 


-1 





T~2 = 


1 








T3 = 


1 


-1 







1 _ 




_ -1 


-1 


-1 




_ 


-1 _ 




" -1 













1 




" 


-1 1 " 


Ai = 


1 





A 2 = 


-1 


-1 


-1 


A 3 = 





-1 




- 


-1 _ 




1 










_ 1 


-1 _ 




"010" 









-1 


" 




" -1 





ct = 


1 




fi = 


-1 








-h = 





-1 




1 












1 







- 








The 16 groups £4,^ of the 4th crystal system in dimension 3 contain an element 04A, — <t 4 a, 
<74b or — <T4B of order 4 which are defined as 



£4,1,1 — 


\04A) — C4, 


£4,1,2 


= (0"4B) — C4, 


A/" 3 £4,2,1 = 


( — 0"4A) — C4, 


M 3 £4,2,2 


= (-0"4B) — C4, 


A/" 3 £4,3,1 = 


(<7 4A , -7 3 ) = C 4 x C 2 , 


£4,3,2 


= (o"4B, -73) = C4 X C 2 , 


A/" 3 £4,4,1 = 


((T4A, Ai) = V4, 


£4,4,2 


= (0"4B, A3) = 7> 4 , 


£4,5,1 = 


(0"4A, — Ai) = V4, 


£4,5,2 


= (0"4B, —A3) = 7^4, 


£4,6,1 = 


(-CT4A, Ai) = 7J>4, 


£4,6,2 


= (— 0"4A, — Al) = V4, 


£4,6,3 = 


( — 0"4B, —A3) = X>4, 


£4,6,4 


= (— C4B, A 3 ) = 7> 4 , 


£4,7,1 = 


(<7 4 A, Ai, — 7 3 ) = V4 X C 2 , 


£4,7,2 


= (<T4B,A 3 ,-7 3 ) =V 4 xC 2 
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Ai 



-10 
1 
0-1 



A, 





1 



-1 1 
-1 
-1 



The generators ±<t 4 a, ±o"4B, ±Ai, ±A 3 and —I 3 satisfy the following relations: 



(±<7 4A ) 4 = (±a 4B ) 4 = (±A0 2 = (±A 3 ) 2 = (-/ 3 ) 2 = h 



(5) 



2 

°4B> 



[±(J4A, Ai] = [±<74A, — Ai] = 0-4 A , [±(J4B, A3] = [±(J4 B , —A3] 
[±<J4A, -/ 3 ] = [±<74B, -/ 3 ] = [±«, -/ 3 ] = [±/3, -J 3 ] = J 3 . 

Note that (±<t 4 a) 2 = Ti and (±<x 4 b) 2 = t 3 where r 4 and r 3 are given as in (4) 

The 13 groups G 5 j t k of the 5th crystal system in dimension 3 have a normal subgroup (<t 3 a) 
or (°"3b) °f order 3, and are defined as 



(a 3A ,-f3) = S 3 , 
(a 3A ,a) = S 3 , 
(<T3A,-0,-h)=T> 6 



G 5 ,i,i = 


(o"3b) 


= ^3, 






^5,1,2 — 


(a 3A ) = C 3 , 








G 5 ,2,l = 


(o"3B, 


-/ 3 ) = c 6 , 




^5,2,2 = 


(o"3A, ~h) — Ce, 








£5,3,1 = 


(0"3B, 


-«) = S3, 




^5,3,2 = 


(<7 3 A, -«) = S3, 




^5,3,3 




£5,4,1 = 


(0"3B, 


a) = S3, 




^5,4,2 = 


(a 3A ,f3)=S 3 , 




C 5 ,4,3 




£5,5,1 = 


(0"3B, 


-a, -I3 


) = 




G 5 ,5,2 = 


(<7 3A , -a, -J 3 ) = 


^6) ^5,5,3 




where 




























' 


1 


" 








" -1 









a = 


1 








1 


/? = 




-1 











_ 





1 _ 











1 



The generators <t 3 a, o" 3 b, ±«, ±/3 and — 13 satisfy the following relations: 



^3 

3A 



(6) 



[<7 3A , ±a] = [a 3A , ±(3] = a 3A , [a 3B , ±a] = <7 3 b, 
[a 3A , -I 3 ] = [<7 3B , -/s] = [±«, -/ 3 ] = [±/3, -/ 3 ] = / 3 - 



The 8 groups G e j t i, 1 < j ' < 7, and G 6i6i2 of the 6th crystal system in dimension 3 have a 
normal subgroup (ct 3 a) of order 3, and are defined as 



^6,1,1 — (°"3A ; Tl) — Cq, 

^6,3,1 = (C3A, Tl, ~h) — Cq X C 2 , 

C 6 ,4,i = (cr 3 A, n, -f3) = T> 6 , 

^6,6,1 = (C3A, —Tl,P) = T> 6 , 

Ge.7,1 = (<T3A, - J 3 > =D 6 xC 2 



^6,2,1 — (C3A, — r l) — C 6 , 

C 6 ,5,l = (0"3A,Ti,/3) = X> 6 , 
C 6 ,6,2 = (0"3A, -Ti, -/?) = V 6 , 



where 



T\ = 



-10 
0-10 
1 



= 







-1 

1 



The generators <j 3 a, ±Ti, ±/3 and — 7 3 satisfy the following relations: 



; 3A 



= (±r 4 ) 2 = (±/3) 2 = (-/ 3 ) 2 = I3, 



(7) 



[cr 3A , ±n] = I3, [a 3A , ±(3] = a 3A , [n, ±/3] = [-n, ±/3] = J 3 , 
[<7 3A , -/ 3 ] = [±ri, -J 3 ] = [±/3, -J 3 ] = J 3 . 
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Note that t\ = (—«)(—/?) = af3. 

The 15 groups G 7 j tk , 1 < j < 5, 1 < k < 3, of the 7th crystal system in dimension 3 have 
a non-normal subgroup (o" 3B ) of order 3 and a normal subgroup (r k , \ k ) of order 4. They are 
defined as 



C7,l,fe = (7fc, Afc, ct 3 b) 
G7,2,k = (Tfc, Afc, 0"3B, —^3) 
C7,3,fc = (Tfc, Afc, 0" 3 b, —pk) 
G-j^k = \Tk, Afc, 0"3B, Afc) 
^7,5,*; = \Tk, Afc, <T 3 b, Ac, —^3) 



where 



-10 
-1 
) 1 



T 2 



T3 








1 






1 -1 



1 





1 -1 

1 -1 
0-1 



Ai 



A, 



A3 



= A 4 
= A 4 xC 2 
= o 4 
= o 4 

^S 4 xC 2 



-10 
1 
0-1 



(C 2 x C 2 ) * C 3 , 
(C 2 x C 2 x C 2 ) x C 3 , 
(C 2 x C 2 ) x S 3 , 
(C 2 x C 2 ) x <S 3 , 
^ (C 2 x C 2 x C 2 ) x S 3 









1 



1 
-1 -1 


-1 1 
-1 
-1 



Pi 



02 



Ps 



1 



-1 

1 
1 




-1 

1 



1 

-1 -1 

-1 
-1 
-1 



and the generators r k , A&, <t 3 b, ±Afc) 1 < k < 3, and — J 3 satisfy the following relations: 



A 



a 



3B 



(±Pk 



(8) 



[Tfc, Afc] = J 3 , [r fc , <t 3 b] = A fe r fc , [Afc, o" 3B ] = r k , 
[r k , ±p k ] = I 3 , [A fe , ±p k ] = r k , [<r 3B , ±Pk] = o"3BA fc , 
[r fc , -J 3 ] = [\t, -h] = [<t*b, -h] = [±Pk, -h] = h- 



We modified the generators of G-j^ k . The original generators in [BBNWZ78] are obtained by 
just replacing p k by -p k = P k {~h). 



3. Preliminaries 

We prepare some lemmas, theorems and known results which we will use in the proof of The- 
orem 1.6. 



3.1. Rationality criterion and reduction to low degree. 



Theorem 3.1 ([AHK00, Theorem 3.1]). Let L(z) be the rational function field over a field L 
with one variable z and G a group acting on L(z). Suppose that, for any r G G, t(L) C L and 
t(z) = a T z + b T for some a T G L x and b T G L. Then L(z) G = L G or L(z) G = L G (&) for some 
polynomial Q(z) G L[z] with positive degree. In particular, if L G is rational over some subfield 
M, so is L(z) G over M. 

Theorem 3.2. Let K be a field o/char K 7^ 2 and r a K -automorphism of K(x,y) defined by 
t(x) = -x, r(y) = f(x 2 )N T (g(x))/y with f(x),g(x) G K[x] 
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where N r is the norm map under the action of t . Then the fixed field K (x , y)^ is given by 

K(x, y) {r) = K(X, Y, Z) with X 2 - ZY 2 = f(Z) 

where X = (y' + f(x 2 )/y')/2, Y = (y' - f (x 2 ) / y') / (2x) with y' = y/g(x) and Z = x 2 . Moreover 
we get: 

(I) When f(x 2 ) is a constant of K or quadratic in x, i.e. f\x 2 ) = ax 2 + b for a,b G K with 
a / 0, then f{Z) = aZ + b and the fixed field K(x, y)^ = K(X, Y) is rational over K; 

(II) When f(x 2 ) is biquadratic in x, i.e. f(x 2 ) = ax A + bx 2 + c for a,b,c G K with o ^ 0, then 
f(Z) = aZ 2 + bZ + c and the fixed field K(x, y)^ is given by 

K(x,y) {r) = K(X,Y,Z) with X 2 - ZY 2 = aZ 2 + bZ + c. 

In particular, 

(Il-i) if a = d 2 is square in K then K(x, y)^ = K(X + dZ, Y) is rational over K; 
(Il-ii) if c = e 2 is square in K then K(x,y) ( ~ T ' ) is also rational over K. 

Proof. Put y' := y/g(x). Then K(x,y) = K(x,y') and the action of r is given by r(<5) = —5, 
T (y') = f{x 2 )/y'. It follows from [K(x,y') : K(X,Z)} = 4 and Y £ K{X,Z) that K(x, y')^ = 
K{X, Y, Z). The equality X 2 - ZY 2 = f(Z) can be obtained by the definition of X, Y and Z 
directly. 

(I) Hf(Z) = aZ+b then Z = (X 2 -b)/(Y 2 +a) and hence K(x, y)< r > = K(X,Y,Z) = K(X,Y). 

(Il-i) If a = d 2 then X 2 - aZ 2 = (b + Y 2 )Z + c is rewritten as st = (b + Y 2 )^j + c where 
s = X + dZ, t = X - dZ, so that t G K{s,Y) and K(x,y)^ = K(X,Y,Z) = K(s,t,Y) = 
K{s,Y) = K(X + dZ,Y). 

(Il-ii) If c = e 2 then by putting p := \/x, q := y'/x 2 , the action of r on K(p,q) = K(x,y') = 
K(x,y) is given by r : p i— > —p, q i— > (cp 4 + bp 2 + a)/q. Hence the assertion follows from (Il-i). 

□ 

3.2. Explicit transcendental bases. 



Theorem 3.3 ([HK94, Lemma 2.7], [Kan04, Theorem 2.4]). Let K be any field. Let -I 2 G 
GL(2,Z) act on K(x,y) by 

—I 2 : x ^ -, y i-> -, a G K 

x y 

where b = c(x + (a/x)) + d such that c,d G K and at least one of c and d is non-zero. Then 
K(x,yY T ' ) = K(u±,U2) where 

u x - | y(x 2 - a) u V ~ \ x(y 2 - b) 
xv — — x 2 y 2 — ab J xy — — x 2 y 2 — ab 

& xy ,y xy 

Lemma 3.4 ([HHR08, page 1176]). Let K be a field o/char K ^2 and -I 2 G GL(2,Z) act on 
K(x,y) by 

-I 2 '. x i — y — , y i y — , a e K x . 

x y 

Then K(x,y) {T) = K(t 1: t 2 ) where 

xy + a xy — a 

h = ■ — , t 2 = . 

x + y x — y 
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A non-2-group £ C GL(3, Z) has a subgroup either £5,1,2 = (o"3a) or £5,1,1 = (o"3b) of order 
3, and the corresponding actions of 03A and of 03B on K(x, y, z) are given respectively by 

°3A : x 1 — y ay, y 1 — y — , z (->■ cz, a,b,c£K , 

xy 

o" 3B : x^-ay, yy-^-bz, z \-y cx, a,b,cEK x . 

For <t 3 a (resp. o"3b), we may assume that a = 1 (resp. a = b = c = 1) after replacing ay by y 
(resp. (ay, abz) by (y, z)). In the case of o" 3 a, we also see c 3 = 1 because <rf A = J 3 . 

In order to investigate the fixed field K(x,y,z) G with £5,1,1 = (o"3b) C G, we recall the 
following formula which is given by Masuda [Mas55] when char K 7^ 3 (this formula is valid also 
for the case of char K = 3, see e.g. [HK10], [Kun55]). 

Lemma 3.5. Let K be any field and £5,1,1 = (o"3b) act on K[x,y,z) by 

o" 3 B '• x 1 — y y 1 — y z 1 — y x. 
Then K(x,y,z) G5 - 1 ' 1 = K(x,y,z)^ ) = K(s 1 ,u,v) where 

si := S!(x,y,z) = x + y + z, 

xy 2 + yz 2 + zx 2 — 3xyz 

u:= u(x,y,z) = — — — — , 

x A + y z + z z — xy — yz — zx 

, . x 2 y + y 2 z + z 2 x — 3xyz 

v:= v(x,y,z) = . 

x z + y z + z z — xy — yz — zx 

Note that u(y,x,z) = v(x,y,z). In order to study the fixed field K(x,y,z) G with £5,1,2 = 
(o"3a) C £, we prepare the following lemma using Lemma 3.5: 

Lemma 3.6. Let K be any field and a a K -automorphism on K(x, y) of order 3 defined by 

(7 : a; 4 1/ 4 - \-> x, b e K x . 
xy 

Then K(x,y)^ = K(u(b),v(b)) where 

y (y 3 x 3 + bx 3 — 3byx 2 + b 2 ) 



5(6) = 
v{b) = 



y 2 x 4 — y 3 x 3 + y 4 x 2 — byx 2 — by 2 x + b 2 
x (x 3 y 3 + by 3 — 3bxy 2 + b 2 ) 



y 2 x 4 — y 3 x 3 + y A x 2 — byx 2 — by 2 x + b 2 

Proof. Put 

/ b\ yx 2 + y 2 x + b / b\ / b 

si{b) := sAx,y, — = , u(b) := u[x,y, — , v{b) := v [x, y, — 

\ xy/ xy V xy/ V xy< 

where S\[x,y,z), u(x,y,z) and v(x,y,z) are given as in Lemma 3.5. We write (Si,u,v) = 
(Si(b) ,u(b) ,v(b)) for simplicity. Then s\,u,v are cr-invariants and hence K[x, y)^> D K(s\, u, v). 
We also see [K(x,y) : K(si,u,v)} < 3 from the equalities 

y 3 — sly 2 — b s 2 (u + v) + 96 y 2 — s{y — 2uy + vy + s[u 

— x — . 

y si + 3 (u + v) u + v-2y 

Hence K(x, y)^ = K(s{,u, v). The assertion follows from si = (u 3 + v 3 + b) / (uv). □ 
Lemma 3.7. Let K be any field. Let t and A be K -automorphisms on K(x,y,z,w) defined by 

t ~. x 1 — y y 1 — y x, z 1 — y w i — y z, 

A : x h- y z y-y x, y 1— y w ^y y. 
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Then K(x,y, z,wY T,X} = K{vq,vi,v 2 ,v 3 ) where 

v = x + y + z + w, 

x + y — z — w x—y—z+w x—y+z—w 

vi = , v 2 = , v 3 = . 

xy — zw xw — yz xz — yw 

Proof. We put (tio, tii, ti 2 , ti3) := (t>o, 1/f 1, l/t>2, V^)- We should show that K(x,y, z,w)( T ' x ) = 
K(uq,Ui,u 2 ,u 3 ). It follows from the definition that K(x,y, z,wY T '^ D K(uq, u±, u 2 , ti 3 ). Take 
the elementary symmetric functions s±, s 2 , s 3 in u±, u 2 , u 3 : 

(si, s 2 , s 3 ) := (ui +u 2 + ti 3 , Uiu 2 + u 2 u 3 + uiu 3 , UiU 2 u 3 ). 

Then the elementary symmetric functions r l5 r 2 , r 3 , r 4 in x, y, z, w are written as 

r\ = Mo, r 2 = SiM - 2s 2 , r 3 = s 2 u - 8s 3 , r 4 = s\ - 4sis 3 + s 3 w , 

so that K(r 1 ,r 2 ,r 3 ,r A ) C if (-u , Si, s 2 , s 3 ). Since [K(x,y,z,w) : X(ri, r 2 , r 3 , r 4 )] = 24 and 
[if(u , ui, ti 2 , ti 3 ) : K(u , si, s 2 , s 3 )] = 6, we get [K(x, y, z, w) : K(u , tii, u 2 , ti 3 ) < 4. □ 

Lemma 3.8. Let K be any field and £3,1,4 = (r 3 , A3) act on if(x, y, z) fry 

c 

t 3 \ x 1 — y y 1 — ^ x } z 1 — ^ I—)- z, 

xyz 

A 3 : x (->■ z 41, 1/4 !->■ y, c G K x . 

xyz 

Define w = cj (xyz) . Then K(x,y, z) G3AA = K(x, y, z)^ 3 '^ = K(v 1, v 2 , v 3 ) where 

x + y — z — w c — xyz(x + y — z) 



Vi = 



v 2 = 



V3 



xy — zw z(c — x 2 y 2 ) 

x — y — z + w c — xyz(—x + y + z) 

xw — yz x(c — y 2 z 2 ) 

x — y + z — w c — xyz(x — y + z) 

xz — yw y(c — x 2 z 2 ) 



Proof. By Lemma 3.7, we see K(x,y, z)^ 3 '^ = K(x,y, Zjw)^ 1 " 3 '^ = K(vo,vi,v 2 ,v 3 ) where vq = 
x + y + z + w. By the definition of t>o, t>i, v 2 , v 3 and the equality xyzw = c, we get 

2(wi^ 2 + v 2 v 3 + viv 3 ) - (vf + v 2 + vl) + cv\v\v\ 
v = . 

VlV 2 V 3 

Hence the assertion follows. □ 

We need suitable generators K(x,y,z) G over K not only for £3,1,4 = (t3,A 3 ) but also for 
G = (t 3 ). We note that (r 3 ) is conjugate to G 2 ,i, 2 = (—a) in GL(3, Z). 

Lemma 3.9. Let K be a field o/char K 7^ 2 and (r 3 ) act on K(x,y,z) by 

t 3 '. x 1 — y y 1 — y x 7 z (->■ h-> z, c e K . 

xyz 

Then K(x,y, z)^ = K(ti,t 2 ,t 3 ) where 



xy xyz + - xyz 
h — — : — , £2 — ; , £3 



x + y ~ x + y x — y 
Proof. Put 

c 1 

X:=— , Y:=xz, Z := -. 

yz x 
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Then K(x, y, z) = K(X, Y, Z) and the action of r 3 on K(X, Y, Z) is given by 

c c „ xrz 

r 3 : X ^ — , y ^ - Z ^ . 

ay c 

Using Lemma 3.4, we see K(X, Y, Z)^ = K(X, Y, t' 3 )^ = K(X, Y)^(t' 3 ) = K(t[,1f 2 , t' 3 ) where 

,xy+ c , xy - c , xyz 

* i: ~T + F' t2 '-Jc^Y> t 3 :-Z + ^—. 
It is easy to see that t[ = 1/^2, t' 2 = 1/^3, £ 3 = □ 

Theorem 3.10 ([HK97, Theorem 3.2]). Lei K be a field of char K ^ 2. If S n acts on 
K(xi, . . . ,x n ) by either 

l/x T (i), lire 5„\A», t -a; T(»)> « r G ^n\A, 

t/ien £/ie /ixed /ie/d if (xi, . . . , x^) 5 ™ rational over K . 

Theorem 3.11 ([HK10, Theorem 1.2]). Let K be any field and (^5,3,1 = (c 3 b, — a) = 1S3 act on 

K(x,y,z) by 

a 3B : x ^ y, y ^ z, z ^ x, 

a a a _ x 

—a '. x 1 — y — , y i — y — , z i — y — , a G K . 

y x z 

Taen £/ie /ixed /ieW if (x, y, z)( a3B ~ a } is rational over if. Moreover we have 

\u(s 3 U — a 4 ) s 3 U — a 4 -a/ 
where s 3 = xyz, U = u 2 — uv + v 2 and u, v are given as in Lemma 3.5. 

Theorem 3.12 ([HK10, Theorem 2.4]). Let K be a field of char if ^ 2. Let cr and r be 

if -automorphisms of K(x,y, z) defined by 

a : x 1 y y, y 1 y z^ z 1 y x, 

x ~\~ y ~\~ z x + y-z x-y + z r ^ x 
r : x H> 2 ; y 2 ; z ^ 2 ; a€if x . 

ayz axy axz 

Then (cr, r) = 5 3 and £/ie fixed field K(x : y : z)^'^ is rational over if . 

Theorem 3.13. Let if be a field o/char if 7^ 2 and Gi,2,i = (— is) act on K(x,y,z) by 

a a a _ r ^ x 

— 1 3 '. x 1 — y — , y 1 — y — , z i — y — , a g ii . 

Taen the fixed field K(x,y, z) 01 - 2 ' 1 = if (x, y, z)^~ l3 ^ is rational over if . In particular, an explicit 
transcendental basis of K(x,y, z)^~ l3 > = K(ki, k 2 , k 3 ) over if is given by 

xy + a yz + a xz + a 
h = ■ , k 2 = — ■ — , k 3 = ■ — . 

x + y y + z x + z 

Proof. We take L := K(y/a) and Gal(L/if) = (p) where p(y / a) = — y/a. We extend the action 
of — i 3 to L(x,y,z) with trivial action on L. Then we have K (x, y, zY~ l3> = L^ (x,y, z)^ 1 '-^ = 
L(x,y, z)^ 13 '^ because the actions of p on K(x,y,z) and — i 3 on L are trivial respectively. Put 

_x + y/a v _y + y/a „ _ z + 

A :— Y :— Zj :— -=. 

x - y/a y - y/a z - y/a 
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Then L(x, y, z) = K(^/a)(X, Y, Z) and the actions of — J 3 and p on K(y/a)(X, Y, Z) are given by 
-h ■ Va H> v 7 ^, X H> -X, Y H> -Z, 
p : ^ -Va, X ^ ^, p 
Hence we get L(x,y, z)^ 1 ^ = L(ui,u 2 ,u 3 ) where 

ui := XY, n 2 := YZ, n 3 := XZ. 

It follows that A>,y,z)<- J3 > = L^(x, y, z)^ 1 ^ = (L(x, y, z)<- Js >)^ = L(«i, n 2 , w 3 ) <p> - The 
action of p on L(wi,w 2 ,n 3 ) = X( v /a)(-ui, n 2 , W3) is given by 

I 1 1 

P : V a ^ — V a ; M l ^ ) M 2 !->■ , «3 ^ • 

Ml W 2 M 3 



Hence we also put 



, + 1 , n 2 + l _ n 3 + 1 

.— 1 5 2 * 1 ) ^3 •" 



— 1 M 2 — 1 M 3 — 1 

Then L(ui,u 2 , u 3 ) = L(k[, k' 2 , k' 3 ) and the action of p on L(k[, k' 2 , k' 3 ) is given by p : h-> — \/a, 
A;- i-)- — A;- for 1 < 2 < 3. Therefore we get 

K(x,y,z) { ~ h) = L(k[,k' 2 ,k' 3 ) {p) = L^^k^y/ak^^k'z) = K(y/ak[, ^/ak' 2 , ^/ak' 3 ). 

It can be evaluated from the definition that ^Ja k\ = ki for 1 < % < 3. □ 

Remark 3.14. (i) Theorem 3.13 is also valid for a field K of char K = 2. 

(ii) For general n > 2, we can get an explicit transcendental basis of . . . ,x n Y~ In ^ over K 

under the action of — I n : xi 1— > a/xi, 1 < i < n by the same manner as above. Indeed we see 

XiX n + a xl+a 



K(x 1 ,...,x n Y- I ^=K(^^,^±^ l<i<n-l) 

V Xi + Xr, X„ / 



(XiXi+i + a x n xi + a \ . 

K ( , 1 < 1 < n — 1 1 , if 77, is odd, 

V + Xj+i x n + X\ / 

A I , 1 < z < n — II, ltnis even. 

V -|- Xj_|_i x n X\ ' 

Theorem 3.15 ([Yam, Theorem 6]). Let K be a field of char K 7^ 2 and (— Ti, Ti) = C 2 x C 2 act 

on K(x,y,z) by 

c 

-ri : x !->■ £!x, y H> 5 2 n, 2; !->■ -, 

z 

a b 
T\ '. x 1 — ^ — , y i->- —, z >-> e 3 z 
x y 

where a,b,c E K x and ei,e 2 ,e 3 = ±1. If €3 = 1 then K(x, y, z) ( -~ T1 ' T1 ' ) is rational over K. In 
particular, an explicit transcendental basis of K(x,y, z) ( ~~ T1 ' T1 ' ) = K(ui,u 2 ,u 3 ) over K is given by 

h, if £2 = 1, J t 2 , if £i = l, c 

u i = i ( c\ .„ , n 2 = < / C \ .„ , n 3 :=2; + - 



where 



h(z - if £ 2 = -1, I - ^, if £1 = -1, 



xy — — x 2 y 2 — a6' xy — — x 2 y 2 — a6 

f7 X y <y 



z 



THREE-DIMENSIONAL MONOMIAL GROUP ACTIONS 13 



Theorem 3.16. Let K be a field of char K ^ 2 and £3,1,1 = (ti, Ai) act on y, z) &?/ 

a a 
Ti : x 1 — y — , y 1 — y — , z i — y z, 
x y 

a a 
\i '. x 1 — y — , y 1 — y y, z 1 — y — , a G K . 

T/ien t/ie fixed field K(x,y, z) 03 - 1 - 1 is rational over K. In particular, an explicit transcendental 
basis of K(x,y, z)^ 1 '^ = K(vi,v 2 ,v 3 ) over K is given by 

a(—x + y + z) — xyz a(x — y + z) — xyz a(x + y — z) — xyz 

Vl = ■ , v 2 = ■ , v 3 = ■ . 

a — xy — xz + yz a — xy + xz — yz a + xy — xz — yz 

Proof. We take L := K(y/a) and Gal(L/K) = (p) where p(\/a) = —\/a. We extend the action of 
(ti, Ai) to L(x, y, z) with trivial action on L. Then we have K(x, y, z)^ 1 '^ = L^(x, y, z)( T1 > Al > = 
L(x, y, z)( T1 ' Xl ' p ) because the actions of p on K(x,y,z) and Ti,Ai on L are trivial respectively. 
Put 



_x + y/a v _V + V a ry _z + y/a 

A :— Y :— -=, Zj :— -=. 

x - y/a y - y/a z - y/a 

Then L(x, y, z) = K(y/a)(X, Y, Z) and the actions of T\, Ai and p on K(y/a)(X, Y, Z) are given 
by 

T\ '. y/a, 1 — y y/a, X 1 — y -X, Y h> -Y, Z \-> Z, 
Ai : yfa~ ^ y/E, X ^ -X, Y H> Y, Z \-t -Z, 

p : y/a~ ^ -Va, X ^ — , 1 Z^f -. 

Hence we get L(x ) y ) z/ Tl ^ = L(u 1: u 2 ,u 3 ) where 

xz xy 



«i := — — , m 2 := -r^, «3 := 



x ' y ' z 

It follows that K(x,y,z/ Tl ^ = L^(x,y,z/ Tl > x ^ = (L(x, y, z )(^M){p) = L( Ul , u 2 , u 3 )<^>. The 
action of p on L(ui,u 2 ,u 3 ) = K(y/a)(ui,u 2 ,u 3 ) is given by 



Hence we also put 



111 

p : v a ^ — V a ) M i ^ — > u 2 | — >■ — , ""3 | — >■ — • 

Ml W 2 «3 



, Ml + 1 , U 2 + 1 . M3 + 1 
*>1 : = 7, U 2 : = 7, ^3 : = 7- 

Ml — 1 u 2 — 1 u 3 — 1 



Then L(u\,u 2 , u 3 ) = L(v[, v' 2 , v' 3 ) and the action of p on £(1^, v' 2 , v' 3 ) is given by p : ^ — 
f • h-> — f • for 1 < « < 3. Therefore we get 

K(x,y,zY T1,Xl ^ = L(v[,v 2 ,v' 3 )^ = ^(y/av^, y/av' 2 , Vav 3 ) = K(y/av' 1 , \fav' 2 , y/av' 3 ). 

It is easy to see that yfav- — Vi for 1 < i < 3. □ 

4. The case of G^j.fc 

We treat the following six groups G 2 j t k of the 2nd crystal system in dimension 3. They are 
abelian groups of exponent 2 which are defined as 

£2,1,1 = (Ai) = C 2 , £2,1,2 = (-«) = C 2 , 

£2,2,1 = (— Ai) = C 2 , £2,2,2 = (01) = C 2 , 

A/" 3 £ 2 , 3 ,i = (Ai, -J 3 ) = C 2 x C 2 , £ 2 , 3 , 2 = (-a, -J 3 ) = C 2 x C 2 . 
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The rationality problem for £2,3,1 € A/" is already solved by Yamasaki [Yam] (see Section 1). The 
actions of Ai, —a, — Ai and a on K(x,y,z) are given by 

. a c d e f 

Ai : x (->■ — , y 1— >• oy, z 1— >■ -, —a : x 1— >■ -, y h-> — , z 1— >■ — , 

x z y x z 

-A i: * ^ ^, y * * <z, a:x k> iy, y » kx, z » Iz. 

y 

We may assume that j — k — 1 by replacing jy by y and the other coefficients. 

By the equalities A 2 = {—a) 2 = (— Ai) 2 = a 2 = J 3 , we have b 2 = g 2 = i 2 = I 2 = 1 and d = e. 
Hence the problem may be reduced to the following cases: 

a c d d f 

Ai : x 1 — y — , y 1 — y e±y, z (->■ -, —a : x h-> -, y h-> z >-> — , 

x z y x 2 

— Ai : x i->- e 2 ^, 1/ | — ^ — , z 1— )■ £ 3 z, a : x ^ y, y > x, z > e±z 

y 

where a, c, d, f,h e if x and £1, e 2 , £4 — ±1- 

By Theorem 1.1 and Theorem 3.1, we see that K(x, y, z) G2 ' ia = K(x,y, z)^ Xl \ K(x, y, z^ 2 - 2 - 1 
= if(x, y, z)^ Al ^ and i^(x, y, z) G2 - 2 ' 2 = if(x, y, 2)^ are rational over if. Replacing d/y by y, we 
also see that K(x, y, z) G2A ' 2 = K(x,y, z)^^ is rational over K. For 

G 2 ,3,2 = (-01,-/3) = (-0,0), 

we put 

x — y 2 
t\ := — ■ — , t 2 := — ■ — , t 3 := z. 

x + y x + y 

Then the generators —a and a of G 2 ,3, 2 act on K(ti,t 2 ,t 3 ) = K(x,y,z) respectively by 

1 - 1 2 f 

-a:ti !->• ii, i 2 ^ - , t 3 ^ — , a:ti H *2 ^ *2, *3 ^ ^3- 

dr 2 £3 

We take 

Mi := tj, u 2 : = £ 2 , u 3 := t 3 , if £4 = 1, 
Mi := t 2 , u 2 := t 2 , u 3 := tit 3 , if £ 4 = -1. 

Then K{ti,t 2 ,t 3 )^ = K(ui,u 2 ,u 3 ) and the action of —a on K(ui,u 2 ,u 3 ) is given by 

ui 1 — y ui, u 2 1 — y — , -u 3 1 — y — , it £ 4 = 1, 

1 — Mi /"Ui 

Mi 1 — y ui, u 2 1 — y — , -u 3 !->■ , it £4 = —1. 

uM 2 M 3 

Hence it follows from Theorem 3.3 that K(x,y, z) G2 ' 3 ' 2 = K(ui,u 2 ,u 3 )(~ a ^ is rational over K. 
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5. The case of £3,^ 

We treat the following 13 groups G = £3,1,*;, 1 < k < 4, G = £3,2,*;, 1 < k < 5, and 
G = Gs^k, 1 < A; < 4 of the 3rd crystal system in dimension 3: 



A/" 3 G 3) i,i = 


(n, Ai) = C 2 x C 2 , 




£3 12 — 


(n, -a) = C 2 x C 2 , 

\ _L 7 / ""^ Zi 7 


£3,1,3 


/ T \ \ ^ Co x Co 




£3,1,4 




£3,2,1 = 


(n, -Ax) = C 2 x C 2 , 




£3,2,2 = 


(n,a> =C 2 x C 2 , 


£3,2,3 = 


(-«^> = C 2 xC 2) 




£3,2,4 = 


(r 2 , -A 2 ) = C 2 x C 2 , 


£3,2,5 = 


(T3,-A 3 >=C 2 XC2, 








A/" 3 £3,3,1 = 


(ri,Ai,-/ 3 > xC 2 


x C 2 , 


£3,3,2 = 


(ri,-a,-/ 3 ) =C 2 x C 2 x C 2 , 


£3,3,3 = 


(T2,A 2 ,-/ 3 > = C 2 xC 2 


x C 2 , 


£3,3,4 = 


(r 3 ,A 3 ,-/3) = C 2 xC 2 xC 2 . 



5.1. The cases of £3,2,1 and £3,2,2- We treat the cases of 

£3,2,1 = (n, -Ai), G 3i 2,2 = (ti, a). 
The actions of t±, — Ai and ct on K(x,y,z) are given by 

a b e 

T\ : x 1 — y — , y 1 — y —, z ^ cz, — M : a; h-> ax, y >->■-, 2; !->■ 72, 

a; y y 

a : a; h-> gy, y h-> for, 2; h-» 22. 

We may assume that g — h — 1 by replacing gy by y and the other coefficients. 

By the equalities r 2 = (— Ai) 2 = a 2 = i 3 , we have c 2 = d 2 = f 2 = i 2 = 1. Hence the problem 
may be reduced to the following cases: 

a b e 

T\ '. x 1 — y — , y h-> -, 2 (->■ e^, — Ai : a; h-> £ 2 a;, y | — > —, z 1— >• e%z, 

x y y 

a : x i-)- y, y (->■ x, z (->■ £ 4 z 

where a, 6, e G if x and £1, £2, £3, £4 = ±1. 

Using Theorem 3.1, the rationality problems of £3,2,1 and £3,2,2 m ay be reduced to the 
2-dimensional cases of K(x,y) Gi ' 2 ' 1 and K(x,y) G:i - 2 ' 2 respectively. Hence K(x ) y ) z) G ' A ' 2 ' 1 and 
K(x ) y ) z) G ' i ' 2 ' 2 are rational over if. 

5.2. The case of £3,2,3- We consider the case of 

£3,2,3 = (-a,p). 
The actions of —a and (3 on if (a;, y, z) are given by 

a b c d e 

—a : x 1 — y — , y 1 — y — , z 1 — y — , p : a; 1— >■ — , y i— > — , z \- y jz. 

y x z y x 

By the equalities (— a) 2 = (3 2 = I3 and (— a)/3 = /3(—a), we have b = a, d = e = E\a and / = e 2 

where £1, e 2 = ±1. Hence the actions of —a and /3 on if (a;, y, z) may be reduced to the following: 

a a c E\a E\a 

—a '. x 1 — y — , y 1 — y — , z 1 — y — , p : x (->■ , y h-> , z >->■ e 2 2; 

y a; z y x 

where a, c G if x and £1, £2 = ±1- By putting x' := ar/y, we have 

/ / a c of' e ^ a 
—a : x 1 — y x , y 1 — ^ — , 2 >->■ -, p : x >->■ a; , y (->■ , z h-> £ 2 2;. 

a;'y 2 a;'y 

Hence the problem of £3,2,3 may be reduced to the 2-dimensional case of K(x')(y,z) G3 - 2 ' 3 and 
K (x, y, z) G3 ' 2 ' 3 is rational over K. 
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5.3. The cases of £3,2,4 and £3,2,5- We consider the cases of 

C3,2,4 = (t~2, — A2), £3,2,5 = ( r 3, —A3). 

We may replace £3,2,4 and £3,2,5 by new representatives which contain — j3 as 

£3,2,4 := <-A -Vb) G [£3,2,4], £3,2,5 := ("A -VS> G [£3,2,5] 
with —(5 = R^ 1 t 2 Ri = R2 1 t^R 2 where 

"Oil 

R 1 := 10 -1 
-10 



, R 2 :— (R 1 ) 






1 








1 


-1 


-1 


1 


-1 



and 



ip 2 := i?i ^2X2^1 = 



-1 1 
-1 -1 
1 



, v? 3 :— R 2 1 \ 3 t 3 R 2 — 



-10 
0-10 
1 -1 1 



The actions of —j3, — y?2 and —ip 3 on K(x, y, z) are given by 



— P : x 1 — y ay, y \-> bx, z (->■ -, 

z 

^ j ^ ^ -fa 

— V?2 : x h-> ax, y >->■ ey, z >->■ — , 

xz 



#X , 2 

—(^3 : x !->■ — , y 1 — ^ hyz, z (->■ -. 

z 2; 



It follows from the equalities (— /3) 2 = (— y^) 2 = ^3 that ab = d 2 = 1 and e = d. Hence we may 
assume that the actions of —(3 and — <p 2 on K(x, y, z) are given as 



o X C 

— p : x 1 — ^ ay, y h-> — , z >->■ -, 

a z 

where e = ±1. By putting x' := x/y, we have 

-p:x H> — , y H> — ,2 h-> -, 

x a z 

f 

-y? 2 : ar' h> x', y H> ey,z — , 

x z 



fy 



-ip 2 : x 1 — y ex, y h-> £y, 2 >-)■ — 

xz 



. gx . 1 

-tp 3 : x ^-y — , y H> z H> -. 



By Theorem 3.1, the rationality problem of £ 32 4 = ( — /5, — ^2) and £325 = (~ P, — ^3) ma y 
be reduced to the 2-dimensional case of K(x', z) G ' 3 > 2 - 4 and K(x', z) G ' 3 - 2 ' 5 respectively. Hence 
K(x, y, z) Gz > 2A and K{x, y, z) Gz > 2 > 5 are rational over K. 

In Subsection 7.2, we will also give an explicit transcendental basis of K(x,y, z) G3a ' 5 over K 
in order to show the rationality of K(x,y,z) Gi ' 6 '' i over K. 

5.4. The cases of £3,1,2 and £3,3,2. We treat the cases of 

£3,1,2 = (n, -a), £3,3,2 = (ri, -a, -I 3 ). 

We first see 

£3,1,2 = (n, -p), £3,3,2 = (n, -(3, a), 

because T\{— a) = —(3 and (— a)(— 1 3 ) = a. The actions of T\, —ft and a on K{x,y,z) are given 
by 

/ 

— p : x 1 — y dy, y 1— >■ ex, z (->■ — , 

z 

a : x !->■ gry, y i-> /ix, z >->■ iz. 
We may assume that d = e = 1 by replacing dy by y and the other coefficients. 



a b 
T\ '. x 1 — y — , y (->■ -, z 4 cz, 
x y 
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By the equalities t 2 = a 2 = [ti, —j3] = [ti, — J3] = [— j3, —I 3 ] = I3, we have a = b, gh = 1 and 
c 2 = g 2 — i 2 — 1. Hence the problem may be reduced to the following cases: 

a a f 

Ti : X (->■ — , y 1— >• — , 2; !->■ e^, — p : 2; !->■ y, y !-»■ x, z !->■ — , 

x y z 

where a, / G and £1,62, £3 = ±1- Now we put 

x — y 2 
£1 := — ■ — , ti : = — ■ — , t 3 := z. 

x + y x + y 

Then K(x,y,z) = K(ti,t 2 ,t 3 ) and the actions of t±, —j3 and a on K(ti, t 2 , £3) are given by 

t 2 - 1 / 
7i : £1 1 ^ -£1, £ 2 h-> — ^— — , £3 !->■ £1*3, -/3 : h ^ -£ 1; £ 2 h-> £ 2 , £ 3 h-> — , 

ct£ 2 £3 

a : £1 h-> -£1, £ 2 h-» £2^2, h >->■ e 3 £ 3 . 
By Theorem 3.2 (I), we have K(x,y,z)(~® = K(t u £ 2 , £ 3 ) <_/3> = «2, "3) where 

£• ,i2:= ( i3 -£ 

We also put m 3 := -u 3 -u 2 then K(x,y,z)(~® = K{u\, u 2 , u 3 ) and the actions of T\ and a on 



«i:=*3 + — , «2 := (*s - — u' 3 :=t 2 . 

*2 

M2, M3) are given by 



w 2 w 2 4/ 

Ti : Mi I— )> £lMl, «2 | — >■ —^1^2, «3 !->■ £l— - • 

au 3 

a:«i 4 £ 3 ui, u 2 1 ^ -e 3 u 2 , u 3 i->- -£ 2 £3""3- 
Using Theorem 3.2 (I), we have 

y, ^f 3 - 1 ' 2 = tf( Ul , « 2 , M3 ) (n> = K(v x , v 2 , v 3 ) 

where 



u 2 — u 



1-4/ / « 2 -^-4/ 



Ui := m 3 H , ^2 := U3 / U2, v 3 := u u if £1 = 1, 

au 3 V aw 3 



D 1 := m 3 , v 2 := I u 3 H / «i, t> 3 := u 2 , if £1 = -1. 

a«3 V a-u 3 / / 



Hence K(x, y, z) Gz ' ia = K(x,y, z)( T1 ' ® = K(vi,v 2 ,v 3 ) is rational over K. The action of a on 
K(x, y, z) 03 ' 1 - 2 = 1, t>2, ^3) is given by 



a : 



Vi !->■ -£ 2 £3^1, ^2 H> ^2^2, ^3 !->■ ^3^3, if £l = 1, 

vi ^ -e 2 ezv-L, v 2 h-> -£ 2 ^2, ^3 ^ -^3^3, if £1 = -1- 
Therefore y, z) G3 - 3,2 = i, f 2 , t^)^ is rational over 

5.5. The cases of £3,1,3 and £3,3,3. We treat the cases of 

C3,l,3 — ( r 2) A2), £3,3,3 — ( r 2) A 2 , — ^3/- 

We will use the following representatives: 

£3,1,3 = (-0, v? 2 > e [£3,1,3], £3,3,3 = (-A v^2, ^2) g [£3,3,3] 

where </? 2 is given as in subsection 5.3. 
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The monomial actions of —j3, y? 2 and j3ip 2 on K(x, y, z) are given by 

c d 6 j * xz 

—[3 : x i-)- ay, y >-)■ 6x, z >->■ -, </? 2 : a; (-)■ — , y \-> -, z (-)■ , 

z x y y 

(3tp 2 '■ x i — y gy, y >->■ fix, z >->■ — . 

y 

We may assume that a = b = 1 by replacing cm/ by y and the other coefficients. It follows from 
the equalities [—/3,(p 2 ] = [—/3 : /3(p 2 ] = [<f2, P<P2] = h that d = e, g = h and f 2 = h 2 = i 2 = 1. 
Hence the actions of — /3, </? 2 and (3<p 2 on If (x, y, z) may be reduced to the case 

c d d E\xz 

—(3 : x (->■ y, y i-> x, 2 (->■ -, </? 2 : x (->■ — , y i->- -, z (->■ , 

z x y y 

p<f 2 '■ x h-> £ 2 y, y !-> -2 !->■ 

y 

where c,d G if x and £1, £ 2 , £3 = ±1. 

We first consider the fixed field K(x,y, z)^) . By applying Lemma 3.4, we obtain 

K(x,y,z)^ =K(t 1 ,t 2 ,t 3 ) 

where 

_ xy + e x d _ xy - Bid h + eit 2 {, , x N 

t\ :— ■ , t 2 :— , 13: = 



x + £iy " x-Eiy " 2 V y 

Then the actions of — j3 and (3(p 2 on K(t 1 ,t 2 ,t 3 ) are given by 

c(t\ - d) 



-(3 : ti i->- £iti, t 2 i-» -£1*2, *3 !->■ -£] 



/3y? 2 : *i ^ £i£2^i, *2 !->■ -£i£2*2, *3 !->■ £2£3r— r—^r*3- 

tl + £1^2 

It follows from Theorem 3.2 (I) that if(x, y, z) G3,1 ' 3 = if(£i, £ 2 , t 3 )(~^ is rational over if. Indeed 
we get K(x,y, z) 03 ' 1 ' 3 = K(ui,u 2 ,u 3 ) where 

Ul := t3 _ <*hzJL, U2 (t 3 + c{t2 ~ d h 1 1 2 , u 3 :=t u if £1 = 1, 

2 2 
Ul := t 3 + ° (t2 ~ ^ , u 2 := (t 3 - °^ 2 p3.\ I tu U3 := f 2> if £l = _1. 
t 3 \ i 3 / / 

In order to get K(x ) y ) z) G3 ' 3 ' 3 = K(u\, u 2) m 3 )^ V2 \ we take 

i>i := Ui — EiU 2 u 3 , v 2 := w 2 — {u 2 , — £ 1 4c)-u 2 — Ei4cd, v 3 := u 3 . 

Then we have K(x, y, z) G3 < x ' 3 = K(ui,u 2 ,u 3 ) = K(vi,v 2 ,v 3 ) because 

v\ + v 2 - EiAciv 2 - d) -^i(^i 2 - v 2 ) - 4c(wo - d) 

ui = , u 2 = , w 3 = v 3 . 

2vi 2,V\V 3 

The action of /3(p 2 on K(x ) y ) z) G ' 3 ' 1 ' 3 = K(v 1: v 2: v 3 ) may be evaluated as 

vf - 8c(v 2 + d)v 2 + 16c 2 (y 2 - d) 2 . £ 

Vi H> ~E 2 E 3 Vi, V 2 , V 3 E 2 V 3 , if £1 = 1, 

(v 2 -Ac(v 2 -d)) 2 

Vi ^ £ 2 E 3 Vi, V 2 ^ , V 3 ^ € 2 V 3 , if £1 = -1. 

V 2 

, v\ - Mvj -d)+v 2 
2 '~ v\ - 4c(v| -d)-v 2 
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then the action of j3(p2 on K (x, y, z) G3 ' U3 = K(vi,v' 2 ,v 3 ) is given by 

(3ip 2 ■ vi !->■ £2^1, v' 2 \-> -v' 2 , v 3 h-> e 2 v 3 . 

Hence K(x,y, z) G3 - 3 - 3 = K^i^v'^v^^ is rational over K. 

When E\ = 1, we note that the numerator of /Sy^t^) is a monic quartic polynomial in v\ and 
is also a quartic polynomial in v 3 with square constant term: 

v\ - 8c(vl + d)vj + lQc 2 (vl - df = 16c 2 ^ - 8c(vj + Acd)v 2 3 + [v\ - Acdf . 

By applying Theorem 3.2 (II), we conclude that K(x,y, z)° 3 ' 3 - 3 = K(vi,v 2 ,v 3 )^^ is rational 
over K. 

5.6. The cases of £3,1,4 and £3,3,4. We treat the cases of 

£3,1,4 = (^3, T3), £3,3,4 = (A 3 , r 3 , —I3). 
The monomial actions of A 3 , r 3 and —I 3 on J\~(x, y, z) are given by 

b , f 

A 3 : x 1— >■ a^, y , 2; (->■ cx, T3 : x 1 — y dy, y >->■ ex, z >->■ 



xyz xyz 

g h i 

-I 3 : x -, y -, z !->• -. 

x y z 

We may assume that a = <i = 1 by replacing (dy, az) by (y, z) and the other coefficients. By the 
equality A3 = r| = J 3 (resp. [A 3 ,r 3 ] = 7 3 ), we see c = e = 1 (resp. b = f). For £3,3,4, it follows 
from [A 3 , —I 3 ] = [r 3 , — J 3 ] = J 3 that g = h = i and b 2 = g A . So the actions of A 3 , r 3 and — I 3 on 
K(x, y, z) may be reduced to the following cases: 

b b 
A 3 : x 1 — y z, y 1 — y , z ^ x, r 3 : x >->■ y, y 1— >■ x, z 1— >■ 



xyz xyz 

-J 3 : x !->•-, y !->■-, 2; !->■ -, 

xyz 

with b = e ■ g 2 & K x and e = ±1 for the case of £3,3,4. Put 

w := = . 

xyz xyz 

Then K(x,y,z) = K(x,y, z,w) and the actions of r 3 , A 3 and — I 3 on K(x,y, z,w) are: 

73 : x 1 — ^ y, y 1 — ^ x, z 1 — ^ w 1 — ^ z, 
A3 : x 1 — y z, y 1 — y w, z i — >■ x, if i — y y, 

— 1 3 : x 1 — y — , y 1 — y — , z i — y — , w i — y — . 

x y z w 

By Lemma 3.8, we have K(x ) y ) z) G ' 3 ' 1 ' i = K(x,y, z,w)^ T3 ' x ^ = K(vi,v 2 ,v 3 ) where 

x+y—z—w x—y—z+w x—y+z—w 

vi := , v 2 := , v 3 := 

xy — zw xw — yz xz — yw 

with w = b/ (xyz). Thus K(x, y, z) 03 - 1 ' 4 is rational over K. The action of — 1 3 on K(x, y, ^)^ 3 ' A3 ^ 
K(vi,v 2 ,v 3 ) is given by 

— ui + v 2 + v 3 v l -v 2 + v 3 Vi+V 2 - v 3 

-I 3 : Vi ^y , v 2 ^y , v 3 ^ . 

gv 2 v 3 gviv 3 gv x v 2 

We see that K(x, y, z) G ' 3 ' 3A = K(x, y, z)( T3 ' x ' 3 ~ l3 ' ) is rational over K by the following lemma: 
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Lemma 5.1. We have K{x,y, z) ij3,X3 ~ l3 > = K(ti,t 2: t 3 ) where 
h ■= vi + {-I 3 )(vi) = 

gV 2 V 3 

g(x + y — z — w) + xy(z + w) — zw(x + y) 
g(xy - zw) 

t 2 := v 2 + (-h)(v 2 ), h := v 3 + (-I 3 )(v 3 ) with w = b/(xyz). 

Proof. We omit to explain how to get suitable generators ti, t 2 and t 3 , and only verify the 
assertion. From the definition of the tj's, we see K(x, y, z)^ 3 ^ 3 " 1 ^ D K(ti,t 2 ,t 3 ). We also get 

g(ght 2 - 4){v 2 3 - t 3 v 3 ) - Agt^h +t 2 - t 3 ) = 0, 

= v 3 (gt 1 t 2 -A)-2(t 2 -t 3 ) = vjjgtih - 2) + v 3 (t 3 - ght 3 v 2 ) + t 3 v 2 
V2 ght 3 -A ' Vl t 3 -2v 3 

The assertion follows from K(vi,v 2 ,v 3 ) = K(ti,t 2 ,t 3 )(v 3 ) and [K(vi,v 2 ,v 3 ) : K(t±, t 2 , t 3 )] < 
2. □ 

6. The case (4A): ±a 4A e G 4 ,j,k 

We treat the following eight groups G = £4,^,1 (1 < j < 7) and G = £4,6,2 of the 4th crystal 
system in dimension 3 which contain ct 4 a or — a^: 

£4,1,1 = (C4A) = C4, M 3 G4,2,l = ( — 0"4A) = C4, 

N 3 G 4 ,3,l = (<74A, - J 3) = C 4 X C 2 , 

A/" 9 £4,4,1 = (C4A, Ai) = I>4, £4,5,1 = (C4A, — Ai) = P4, 

£4,6,1 = ( — 0"4A, Ai) = X>4, £4,6,2 = ( — C"4A, — Ai) = P4, 

£4,7,1 = \C4A, Ai, — 1 3 ) = X> 4 X C 2 . 

6.1. The case (4A + ): ct 4 a G G±j >k . We treat the cases of 

£4,1,1 = (o~4a), £4,5,1 — (C4A, — Ai) 
which have a normal subgroup (o\4a) of order 4. We also see 

£4,5,1 = (C4A, 

where ct = 0"4a(— Ai) is given as in the previous section. By the equalities o~f A = a 2 = I 3 and 
[cr 4 A, a] = c| A , we may assume that the actions of o" 4 a and of a on z) are given by 

b 

(T4A : i 4 y, y 4 -, z 4 cz, a : x h-> £2?/, 1/ ^ £2^, -2 >->■ £3,2 

x 

where b, c G with c 4 = 1 and e 2 , £3 = ±1- For £4,5,1, we also see c = S\ = ±1. By Theorem 
3.1, the rationality problems for £ = £4,1,1, £4,5,1 may be reduced to the 2-dimensional monomial 
case K(x,y) G (Q) and hence K(x,y,z) G is rational over K. Indeed we may obtain a £4,5,1- 
invariant 6 which satisfies K(x,y,z) = K(x,y,Q). For example, if (c,e 2 ,e 3 ) = (—1,-1,-1) 
then we obtain 

= (x + y)(xy + b)z 
(x 2 -b)(y 2 -b) ' 

and if (c, e 2 , e 3 ) = (—1,1, —1) then we get 

bz bz (x-y)(b-xy)z 

6 = Tr G4 1 1 (xz) =xz-yz^ = 

x y xy 

where Ttg 41 a is the trace map under the action of £4,1,1- 
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For the convenience of the readers, we shall give the generators of K(x,y) . The action of 
a\ h = Ti on K(x, y) is 

b b 
T\ '. x i y , y i y , 

x y 

so that by Lemma 3.4 we have K(x ) y) i ~ T1 ^ = K(t 1 ,t 2 ) where 

xy + b ^ xy — b 



ti :-- 



x + y x — y 

The actions of <t 4 a and a on K(x,y) ( ~ T1 ' > = K(ti,t 2 ) are given by 

b b 

cr 4A : h ^ — , t 2 i-> - — , a :t ± ^ e 2 h, t 2 \-> -e 2 t 2 . 
Thus, by Theorem 3.3, we get K(x,y) G4 - 1 - 1 = Kfti,^)^ 4 ^ = K(ui,u 2 ) where 



ui :-- 



t 2 {t\-b) 



u 2 :-- 



t 2 (t 2 + b) 



t \t\ + b 2 ' z - t\t\ + b 2 • 
Because the action of a on K{ui,u 2 ) is given by 

a : Hi 4 -£2«i, w 2 !->■ £2^2, 
we get K(x,y) G4 ' 5 ' 1 = K(ui,u 2 )^ = K(u1,u 2 ) (resp. K(u\, u^)) when £ 2 = 1 (resp. e 2 = —1). 

6.2. The case (4A~): — (j 4 a G G^k- We treat the cases of 

^4,6,1 = ( — °"4Ai A 4 ), ^4,6,2 — ( — 0"4A) ~ Ai), ^4,7,1 = (°4A) Ai, — ^3) 

which have a normal subgroup (— (t 4 a) of order 4. We change the generators of the groups by 

£4,6,1 = (— &4A, Ot), ^4,6,2 = (— C4A, — P) , ^4,7,1 = (~ 0"4A, Ot, — (3) 

where a and — j3 are given as in the previous section which satisfy 



a = (-<7 4A )Ai 



1 

1 
1 



-0 = (-Ai)(-<74a) 



1 

1 
0-1 



The monomial actions of — 04A, ct and — j3 on K(x,y,z) are given by 



a c 

— o"4A * x 1 — y — , y 1 — y bx , z 1 — y -, 

y z 

a : x ^y dy, y \—y ex, z fz, 



—(3 : X i— > gy, y 1— >■ for, 2; H> 



We may assume that b = 1 by replacing for by x and the other coefficients. By the equality 

a 2 = (— f3) 2 = I 3 , we get de = f 2 = gh = 1. It also follows from [— a^a] = [— (J 4 a, — /?] = crf A 

and [a, —(3} = I 3 that the actions of — cr 4A , ct and — /3 may be reduced to the following case: 

a c 
— cr 4 A : x !->■ — , y 1 — ^ x, z 1 — y -, 

y z 

ol ~. x 1 — y Eiy, y >->■ £ix, 2 >->■ £ 2 z, 

where a, c G and £1, £2, £3, £4 = ±1- 

Note that (— <t 4 a) 2 = T\ where T\ is given as in the previous section. The action of t\ on 
K(x, y, z) is given by 

a a 
7*1 ~. x 1 — y — , y 1 — y — , z 1 — y z . 



£40 

: x e 3 y, y h-> e 3 x, z — 

z 
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Although the groups £4,6,1, £4,6,2 and £4,7,1 have a normal subgroup (— <t 4 a), we do not consider 
K(x,y,z) { ~ a4A) but K(x,y,z) {{ - CT4A)2) = K(x,y,z) {ri) because (-cr 4A ) = £4,2,1 is in A". By 
Lemma 3.4, we have 



where 



Mi := 



K(x,y,z) {ri) = K(u 1 ,u 2 ,u 3 ) 
xy + a 



xy — a 

, u 2 := , u 3 := z. 



x + y x — y 

The actions of — o" 4 a, a and — j3 on K(ui, u 2 , u 3 ) are 

a a c 

-cr 4A : ui h-> — , u 2 h-> , w 3 !->■ — , 

Mi w 2 m 3 

a:wi 4 eitii, m 2 !->■ —£iv>2, u 3 i-> £ 2 W3, —P'-Ui i-> e 3 ui, w 2 ^ -£3^2, ""3 ^ 
For £4,6,1 = (— o"4A) ck) and £4,7,1 = (— o" 4 a, a, — /?), we consider the fixed field 

iir(x,y,z)< n > a > = ^(«i,«2,« 3 ) <a> =^(ui,u2,u 3 ) 

where t>i,t>2,f 3 are given by the following table: 



£ 4 C 
«3 ' 







(ei,£2) 


Vi v 2 


V3 










(1,1) 


u\ja U\ 


u 3 










(-1,1) 


u\/a u 2 


u 3 










(1,-1) 


cu 2 /u 3 Ui 


u 2 u 3 










(-1,-1) 


cu l /u 3 u 2 


U\U 3 






Thus we have K(x,y, z) 04 ' 6 ' 1 - 


= if (l>l, 1>2, 


v 3 )<- CT4A > and K(x,y,z) G ^> 1 = 




The actions of — a 4 A and of — /3 


on K(x,y, z)^ 1 '^ = K(v 1 ,v 2 ,v 3 ) 


are given 


as follows: 


(£1,22) 


-Cr<LA(vi) 


-o"4a(^2) 


-cr 4a(v 3 ) 


-P(vi) 




-P(v 3 ) 


(1,1) 


1/ Vl 


a/v 2 


c/v 3 


Vi 


e 3 V 2 


e 4 c/v 3 


(-1,1) 


l/vi 


-a/v 2 


c/v 3 


Vi 


S 3 V 2 


e 4 c/v 3 


(1,-1) 


—ac/vi 


a/v 2 


—ac/v 3 


-e 3 e A v 3 


£3^2 


-e 3 e A vi 


(-1,-1) 


ac/vi 


-a/v 2 


ac/v 3 


e 3 e A v 3 


-£3^2 


e 3 e 4 vi 



When £ 2 = 1, we put 



V! + l 



then K(vi,v 2 ,v 3 ) = K(v[,v 2 ,v 3 ) and — (J4a(v[) = —v[ and —P(v[) = v[. Hence, by Theorem 
3.1, the rationality problem of £4,6,1 and of £4,7,1 may be reduced to the 2-dimensional cases 
K(v 2 ,v 3 ) G4 ' 6 - 1 and K(v 2 ,v 3 ) G4 ' 7 ' 1 under monomial actions respectively. 

When £ 2 = —1, the action of (— ct 4 a) (resp. (— <t 4 a, — P)) on K(vi,v 2 ,v 3 ) is given as an 
affirmative case of £1,2,1 = (—is) (resp. a case of £2,3,2 = (—a, —h) = («, —h))- 

We conclude that, in both cases £2 = ±1, the fixed fields K (x, y, z) 04 ' 6 - 1 = K(vi, v 2 , v 3 ) ( ~~ CT4A ' ) 
and K(x, y, z) G4 > 7A = K(vi,v 2 ,v 3 ) ( ~~ CT4A ~ l3 ' ) are rational over K. We may also get explicit tran- 
scendental bases of the fixed fields by using Lemma 3.4. 

Remark 6.1. (i) When e 2 = — 1, the action of £4,6,1 on K(vi, v 2 , v 3 ) is a special case of monomial 
actions of £1,2,1 £ A/", which is an affirmative case of Saltman's result (cf. Theorem 1.3). 
(ii) When e 2 = 1, the action of £4,7,1 on K (vi, v 2 , v 3 ) is the special case of £2,3,1 £ A/", which 
is an affirmative case as seen in [Yam, Theorem 6] (see also Theorem 3.15), although in the 
case of £2 = —1, the action of £4,7,1 on K(vi,v 2 ,v 3 ) is equivalent to a monomial action of 
£2,3,2 = (-«, ~h)- 
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For (74,6,2 = (— C4A, — P)i we first note that 

£4,6, 2 — ( — ~ Ai) 

because (— <t 4 a)(— /?) = (— Ai). The actions of — ft and of — Ai on K(x,y, z)^ = K(ux,u 2 ,u 3 ) 
are given by 

e 4 c £ 3 a £ 3 a 
—p:ui !->■ e 3 ui, -u 2 !->• -^3^2, «3 >->■ — , — Ai : ui >->■ , «2 >->■ , u 3 >->■ £ 4 w 3 . 

W 3 Mi M 2 

Hence the rationality problem of £4,6,2 may be reduced to the problem of (— Ti,Ti) G A/" which 
is conjugate to £2,3,1 = (Ai, —I3) in GL(3, Z). 

However this is an affirmative case of £2,3,1- We shall give the transcendental basis over K as 
follows. When e 4 = 1, by Theorem 3.15, K(x, y, z) Gi ' 6 ' 2 is rational over K and we get an explicit 
transcendental basis over K. 

When £4 = — 1, we also get an explicit transcendental basis of K(x, y, z) Gi > 6 ' 2 over K as follows: 
First we may assume that £ 3 = 1 by interchanging u±, u 2 and a, —a. Put 



u 1 + u 2 , ( (u' 2 -l)u' 3 \ 

«i := u 3 , u 2 := , u 3 := u u u 2 = . 

Ui — u 2 V u 2 + 1 / 



Then K(x,y, z)^ = K(u 1: u 2: u 3 ) = K(u' 1: u' 2: u 3 ) and the actions of — Ai and of — ft on 
K \u[, u 2 , u' 3 ) are given by 

-Ax : u[ ^ -u[, u 2 H> -u 2 , u 3 H> 4"> '■ u 'i — T> M 2 ^ -J, u 3 ^ 

■u 3 u 1 u 2 

Therefore we can also apply Theorem 3.15 to the case £ 4 = —1. 

7. The case (4B): ±a 4B G G 4 j,k 

We treat the following eight groups G = G^j i2 (1 < j < 5, j — 7) and £ = £ 4 , 6 , & (3 < < 4) 
of the 4th crystal system in dimension 3 which contain <7 4 b or — a^s'- 



£4,1,2 = 


(^4B) = C 4 , 


A/" 9 £4,2,2 = 


<-<74b) = C 4 , 


£4,3,2 = 


(C4B, --^3) = C 4 X C 2 , 






£4,4,2 — 


(<r 4B ,A 3 ) =V 4 , 


£4,5,2 = 


((TAB, -A3) = £>4 


£4,6,3 — 


(-C4B, -A3) = £>4, 


£4,6,4 = 


(-O-4B, A3) = X> 4 


£4,7,2 = 


(a 4B ,A 3 ,-/ 3 ) = D 4 x C 2 . 







7.1. The case (4B + ): ct 4B G £4,j,fe. We treat the cases of 

£4,1,2 = (0"4b) — ^4; £4,3,2 — (°"4B) — ^3) — C4 X C 2 , £4,4,2 = (°4B) A3) = T>4, 

£4,5,2 = (C"4B, — A3) = V4, £4,7,2 = (C4B, A3, — J3) = V4 X C 2 

which have a normal subgroup (<t 4 b). The actions of <t 4B , —^3, A 3 and — A 3 on K(x,y,z) are 
given by 

a c d e f 

o" 4B '• x 1 — y — , y 1 — y bxyz, z (->■ -, — i 3 : x i->- — , y i->- -, 2 i-> — , 

z y x y z 

. h . \ 3 1 I 

A3 : 2; i-> yz, y 1 — ^ , 3 h-» — A 3 : x 1 — ^ — , y 1 — ^ kxyz, z (->■ — . 

xyz z x 

By replacing ay/c and z/ahy y and 2; respectively and the other coefficients, the action of <t 4 b 
on K(x,y,z) is given by <t 4 b : x h-> \/z, y >->■ abxyz, z 1— >■ 1/y. Also by replacing a6 by 6, 
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we may assume that the action of CT4B on K(x, y, z) is given by 

1 u 1 

(t 4 b ■ x i — y — , y i — y oxyz, z (->■ -, 

z y 

i.e. a = c = 1. By the equalities o"4 B = (±As) 2 = J3, we have b 2 = gi = j 2 k 2 = 1 and j = I. 
By the relations of the generators of the G"s as in (5), the problem reduces to the following 

cases: 

1 1 T 1 1 / 

cr 4B : x h-> -, y >->• ^xyz, z >->■ -, -J 3 : x >->■ — , y — , z ^ -, 
z y fx fy z 

, £i9 x e 2 s 2 

A 3 : x \-> gz, y \-> , z (->■ — , — A 3 : x i->- — , y i->- e 1 e 2 xyz, z (->■ — 

with f,g£ K x and £i,£ 2 = ±1- Note that fg = e 2 = ±1 for (74,7,2- Put 

X:=— , F:=xz, Z := -. 
yz x 

Then y, z) = X(X, y, Z) and the actions of a 4B , — 7 3 , A 3 and — A 3 on K(X, Y, Z) are given 
by 

a, B :X ^ £ ^,Y ^ X, Z ^ YZ, -/ 3 :l4^y4^4^ 

a 3 : x h. y y z h. -a 3 : x ^ £l x, y ^ i z ^ £ 2 yz. 

It follows from Theorem 3.1 that K(x,y,z) Gi ' 1 '' 2 and K(x,y, z) G4 ' 5 ' 2 are rational over X. Indeed 
we get explicit transcendental bases of K(X, Y, Z) 6 * 4 - 1 - 2 and of K(X, Y, Z) Ga '>> 2 over K respectively 
as follows: First we take a G 41i2 -invariant as 

:= Tr (CT4B> (£ 1 XZ) = (e x XZ + Z + YZ + XYZ) = Z(XY + e 1 X + Y + l) 

where Tr/ a4B \ is the trace map under the action of (o"4b). Then we have K(X, Y, Z) = K(X, Y, 0) 
and the action of T3 = cxf B on K(X, Y, 0) is given by 

r 3 = aj B : X H- |, y H- ^, H- 0. 

By using Lemma 3.4, we get K(X, Y, Z)^ = K(ti,t 2 , t 3 ) where 

XY + 1 XY - 1 

X + ^y' 2 X-eiF' 

Then the actions of <t 4B , —I 3 , A3 and —A3 on K(x,y, z)^ = K(ti,t 2 ,t 3 ) are given by 

1 -1 

ct 4B : h H> — , t 2 ^ — , t 3 t 3 , 

— i 3 . tx r £iti, t 2 ^ £lt 2 , ^3 l— > > — £ 1 77J 7^ 



{t\ - 



3 



£l £1 4(t 1 + l)(t 1+ £i)(^-£i) 

As • ^ * h> h * T 2 > h * ~ £l g(t 2 -t 2 )t 3 ' 

1 1 

-A 3 : h ^ — , t 2 h-> — , t 3 ^ s 2 t 3 . 

£1 t 2 

Now we put t[ := t\jt 2 then the action of o"4B on K(ti,t 2 ,t 3 ) = K(t[,t 2 ,t 3 ) is given by 

. -1 -1 

04B : *! H> — , i 2 1— >■ — , t 3 ^ 



-h 



■3 
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Applying Lemma 3.4 again, we have K(x, y, z)^ 4 ^ = K(t' 1 ,t2,ts) ( ' a ~ 4B ^ = K(ui,u 2 ,u 3 ) where 
_ t[t 2 - 1 ti - 1 _ t[h + 1 h + 1 

Ul : " f 1 + t 2 ~ ( tl /t 2 ) + 1 2 ' M2 : " - t a " (h/h) - 1 2 ' Ms : " 

Thus the set {mi,M2,m 3 } becomes a transcendental basis of K(x, y, z) G4 ^- 2 over K and hence 
K(x,y, z) 04 ' 1 ' 2 = K(x, y, z)^ 4 ^ is rational over K. 

The actions of — J 3 , A 3 and — A 3 on K(x,y, z)^ 4 ^ = K(ui,u 2 ,u 3 ) are given by 

r 16/m 2 .(m 2 + i)(mim 2 -i) 

Mi It!, M 2 >->■ «2, % I— >■ ■ r-, — , if S X = 1, 

(Ml + U 2 y{u 1 U 2 + ljM 3 

16/«iu 2 (u? + l)(«2 + l) 

Ml -U 2 , U 2 !->■ -Ml, M 3 !->■ ; r~- — , if S X = -1, 

(Ml + M 2 ) 2 (MiM 2 + 1)M 3 

16u 2 (u 2 + l)(uiM 2 -l) 

Ml H> -Ml, M 2 -M 2 , M 3 !->■ ; — -; — , if £1 = 1, 

#(Mi + M 2 ) 2 (MiM 2 + 1)m 3 

16MiM 2 (m 2 + 1)(M|+ f) 

Mi u 2 , M 2 H> Mi, M 3 h-> — ■ — — , if £1 = -1, 

#(Ui + M 2 ) 2 (MiM 2 + 1)m 3 

—A 3 : Mi !->■ -Mi, M 2 !->■ -M 2 , M 3 f-> £ 2 M 3 

where fg = £ 2 = ±1. Hence K(x,y, z) G4 " 5 ' 2 = K(ui, u 2 , m 3 )^ _As ^ is rational over and we get 
an explicit transcendental basis of y, z) G4 - 5 ' 2 over fC. 

Next we consider the remaining three cases G4, 3)2 = ((Jab, —h), G 4,4,2 = (c"4B, A 3 ) and £4,7,2 = 
(o"4B, A 3 , -A 3 ). We put 

' (Mi + M 2 )(MiM 2 + 1)m 3 

Ui := MiM 2 , v 2 := Mi, u 3 := , if e x = 1, 

4m 2 

8mi(m 2 + 1) 

Wi:=Mi+M 2 , w 2 :=Mi-m 2 , u 3 := ■ r — , it Si = -1. 

I («1 + W 2 )W 3 

Then K(x,y, z)^ 4 ^ = K(ui,u 2 ,u 3 ) = K(v 1: v 2: v 3 ) and the actions of — 7 3 , A 3 and — A 3 on 
K(v 1 ,v 2 ,v 3 ) are given by 

V 1 H-» Ul, U 2 H> U 2 , U 3 !->■ , if £1 = 1, 

^3 

v\ - v\ + 4 . 

Ul l->- -Ui, U 2 H> D 2 , V 3 , if £1 = -1, 

f (u 2 -l)(u 2 +l) 

Ui h-» Ui, U 2 I ^ -u 2 , u 3 I— > ^ S if £1 = 1, 

\ . J 5^3 

I (7(^-^ + 4) , f 

Ui t»i, V 2 h-> -D 2) V 3 , if £1 = -1, 

I ^3 

-A 3 : Ui (->■ £iUi, u 2 >->■ -t> 2 , v 3 H> £ 2 v 3 

where fg = e 2 = ±1. It follows from Theorem 3.2 (1) that K{x,y,z) G4 ^ 2 = K(v 1 ,v 2 ,v 3 ) { ~ h) 
and y, z) G4 ' 4 - 2 = K(vi, u 2 , u 3 )^ are rational over i^. 

Indeed we have K(x, y, z) G4A ' 2 = K(v 1: u 2 , u 3 )^ = K(w 1: w 2: w 3 ) where 

m;i:=Ui, m; 2 :=u 3 -^ ^ ^ w 3 := u 3 + ^ ^ ) / v 2 , if £1 = 1, 

gv 3 V gv 3 J I 

gjvf - v\ + 4) / ^u2-u| + 4)\ / 

uji := Ui, m; 2 := u 3 H , w 3 := (v 3 /u 2 , if £1 = -1. 

u 3 V u 3 // 

The action of — A 3 on i^(wi, W2, w 3 ) is given by 

-A3 : Wi !->■ £iM7i, M7 2 l-> £ 2 M; 2 , M7 3 H> -£2^ 3 . 



-/a 
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Hence K(x, y, z) Ga ' 7 ' 2 = K(wi,w 2 ,w 3 ) ( -~ x ^ is rational over K. 
7.2. The case (4B~) (i): — (x 4B £ G 4i6i3 . We treat the case of 

G 4 ,6,3 = ( — °4B, — A3). 
The monomial actions of — a"4 B and of —A3 are given by 

b d f 

— <r 4B : x h-> az, y 1— >■ , 2; h-> cy, — A 3 : x (->■ -, y i->- exyz, 2; (->■ — . 

xyz 2 x 

By replacing (acy,az) by (y,z), we may assume that a = c = 1. From (—A3) 2 = J 3 , we see 
d = f and cPe 2 = 1. By the equality [— <r 4B , —A] = (— cr 4B ) 2 , the actions of — <x 4B and of — A 3 on 
K(x, y, z) may be reduced to the following cases: 

b d xyz d 
-cr 4B : x z, y h-> , 2 h-> y, -A 3 : x ^ -, y ^ T , z \-> - 

xyz z Sid x 

where b = E\d 2 e and E\ — ±1. The action of r 3 = (— (J 4B ) 2 on If (x, y, 2) is given by 

b 

r 3 : x I—)- y, y >-)■ x, 2 >->■ 



xyz 

By Lemma 3.9, we get K(x,y, z)^ = K(ti,t 2 ,t 3 ) where 



b b 



xy xyz + - ( xyz — 



^1 :— "77 — ; — \ > ^2 -77 — ; — r, £3 '■ — 



d(x + y) ' d(x + y) ' d(x — y) 

The actions of — <x 4B and of — A 3 on K(x,y, z)^ = K(ti,t 2 ,t 3 ) are given by 

where £1 = ±1. We put 



£1 £1 . ti 1 1 

, t 2 — , *3 ^ - — , "A3 : *1 ^ — , *2 ^ — , *3 ^ T" 



h + *3 * 2 + 1 f 3 + 1 

" i:= 2iT(W)' " 2:= ^ M3:= W' 

Then K(x,y, z)^ = K(ti,t 2 ,t 3 ) = K(ui, u 2 , u 3 ) and the actions of — a 4B and of —A3 on 
K(ui,u 2 ,u 3 ) are given by 

d 1 ., 

til ^ , ti 2 ^ -ti2, ti 3 !->■ , if £1 = 1, 

. . Ml «3 

Ui !->■ , M 2 ^ , «3 !->■ -ti3, II £l = -1, 

ZUi u 2 

-A3 : Mi h-> -Mi, M 2 !->■ -ti2, % !->■ -ti3- 

Because £4,2,2 = (— o"4b) £ A/", we consider the fixed field K(x,y, z)^ 3 ^^ = K(v 1: v 2: v 3 ) where 

Vi := tiiti 3 , v 2 := u 2 u 3 , v 3 := tig. 
Then the action of — cr 4B on K(x,y, z) 1 ' 1 ' 3 '^ = K(v\,v 2 ,v 3 ) is given by 



— <7 4B : 



d v 2 1 

fl !->• — , D 2 ^ — , ^3 !->■ — , if £l = 1, 
Ul V 3 «3 

du 3 (u 3 + 1) u 3 

fl ^ r , V 2 ^ —, V 3 ^ V 3 , if £1 = -1. 

2vi v 2 



By Theorem 3.1, the rationality problem reduces to the case of 2-dimensional monomial actions 
and hence K(x,y, z) Gi - 6 ' 3 = K(v\,v 2 ,v 3 ) ( '~ a ' 4B ' ) is rational over K. Indeed we get an explicit 
transcendental basis of K(x, y, z) Gi ' 6 - 3 over K by using Theorem 3.3. 
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7.3. The case (4B~) (ii): — a 4 B G £4,6,4- We treat the cases of 

£4,4,2 = (0"4B, A3), £4,6,4 = (— (T4B, A3), £4,7,2 = (<74B, A3, — 13) 

which have a normal subgroup (73,1,4 = (r 3 , A3) where r 3 = (±<t 4 b) 2 . 

Although we treated the groups £4,4,2 and £4,7,2 in Subsection 7.1, we will give an another 
proof for these two groups in order to describe the difference between three groups £4,4,2, £4,6,4 
and £4,7,3. 

The actions of <t 4 b, — o" 4 b, A 3 and — J 3 on K(x,y,z) are given by 

a c , b' , 
o"4B * x 1 — ^ — , y 1 — ^ oxyz, z (->■ -, — 0"4B : £ h-> a z, y >->■ , z 14 cy, 

z y xyz 

A 3 : x (->■ az, y >->■ , 2; i-> fx, —1 3 : x >->■—, y *->■—, 2 !->■ -. 

xyz x y 2 

For £4,4,2 and £4,7,2, by replacing (ay/c, dz) by (y, 2) and the other coefficients, we may assume 
that a = c and d = f = 1 without loss of generality. For £4,6,4, by replacing (a'c'y, dz) by (y, 2) 
and the other coefficients, we may assume that old — d — f — 1. By <r| B = ^3, we see a 2 b 2 = 1. 
From the relations of the generators of the £'s as in (5), the problem may be reduced to the 
following case: 

a xyz a e 2 e 

<7 4 b : x H> -, y h-> , z !->■ -, -cr 4B : x 1— >■ e 2 ^, y ^ , 2 H- e 2 y, 

2 £ia y xyz 

, e e 2 a £2*2 £20 
A3 : x !->■ 2, y 1— )> , z (->■ £, — i3 : x h-> , y h-> , z >-)■ 

xyz xyz 

where a, e G and £1,62 = ±1 with e = Sia 2 for £4,4,2 and £4,7,2- Note that the action of 
r 3 = (±<7 4 b) 2 on K(x,y,z) is given by 

r 3 = (±o- 4B ) 2 : x y, y h-> x, z f-> — 

xyz 

where e = £i<2 2 e for £4,4,2 and £4,7,2. Now we put 



w :- 



e ( £ia 2 



xyz \ xyz 



for £4,4,2 and £4,7,2) 



as in Lemma 3.8 (cf. also Subsection 5.6). Then K(x,y,z) = K(x,y, z,w) and the actions of 
C4B, — 0"4B, 73, A3 and —I3 on K(x,y, z,w) are given by 

a a a a 

o"4B ■ x 1 — y — , y 1 — y — , z (->■ -, u> >->■ — , 
z w y x 

— o"4B : x 1 — y e 2 z, y >->■ £ 2 w, z >->■ £2y, u> h-> £2X, 
A3 : x 1 — ^ z, y 1 — >■ tf, z 1 — ^ x, w 1 — ^ y, 
73 : x 1 — y y, y 1 — y x, z i — y w, w i — ^ z, 

£2*2 ^20 ^2^ £2^ 

— J3 : x 1 — ^ , y 1 — y , z 1 — y , w y-y . 

x y z w 

By Lemma 3.8, we have K(x,y, z)^ 3 '^ = K(x, y, z, w)^ 3 ^ = K(vi,v 2: vs) where 

x+y—z—w x—y—z+w x—y+z—w 

vi := , v 2 := , v 3 := 

xy — zw xw — yz xz — yw 
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with w = e/(xyz). Note that £3,1,4 = (r 3 , A3) as we treated in Subsection 5.6. The actions of 
o"4B, — <?4B and —Is on K(x,y, z)^ 3 '^ = K(vi,v 2 ,v 3 ) are given by 

—Vi +V2+V3 Vi+V 2 — v 3 Vi - v 2 + V 3 

o- 4B : v 1 (->■ , v 2 H> , v 3 !->■ , 

av 2 v 3 afif 2 afif 3 

-ct 4 b : fi !->■ £2^1, v 2 £2^3, ^3 !->■ £2^2, 

—Vi + V 2 + V 3 Vi-V 2 + V 3 V!+V 2 - V 3 
-I 3 : V 1 I ^ € 2 , V 2 !->■ £ 2 , ^3 !->■ ^2 • 

at> 2 t> 3 afif 3 av\V 2 

Hence K(x,y, z) G4 > 6 - 4 = K(x,y, z)^ a4B ' X[i ' } = K(vi,v 2 ,v 3 ) < <~ CT4B ' } is rational over K. We also see 
that K(x, y, z) Gaa ' 2 = K(x,y,z) l ' <T4B ' X3) is rational over K by the following lemma: 

Lemma 7.1. We have K(x, y, z)° 4 ^ 2 = K(v 1 ,v 2 ,v 3 Y (T4b) = K(t 1 ,t 2 ,t 3 ) where 

__v 2 -v 3 av 1 v 3 (v l + v 2 - v 3 - avivl) aviv^vx - v 2 + v 3 - av ivf) 

v± 2 ' v\ (1 — a 2 f|f|) — (v 2 — v 3 ) 2 ' 3 ' v\ (1 — a 2 f 2 f|) — (v 2 — v 3 ) 2 ' 

Proof. We see K(vi,v 2 ,v 3 ) = K(ti,v 2 ,v 3 ) and the action of (T 4B on K(ti,v 2 ,v 3 ) is given by 

0~4B ■ h H-> tl, W 2 H-> , W 3 !->■ . 

av 2 av 3 

By Theorem 3.3, we have 

V v^v^ — AB v^v^ — ABJ \ a as 

Hence the assertion follows by direct calculation. □ 

For £ 4 , 7 , 2 = (o"4B, A 3 , -I s ), the action of -I 3 on K(x, y, z) Ga ^ 2 = K(t 1 ,t 2 , £3) is given by 

-I 3 : ti !->■ -ti, t 2 !->■ e 2 t 3 , i 3 h-> £ 2 t 2 . 

Therefore we conclude that K(x,y,z) G4 < 7 ' 2 = K(t\, t 2 , t 3 )^~ /3 ^ is rational over fC. We can also 
check the rationality of K(x, y, z)° 4 - 7 - 2 by Lemma 5.1 in Subsection 5.6 because K(x, y, z) G4 ' 7 ' 2 = 
(K(x,y,z) G ^ 4 ) {a4B) = (K(x,y,z) {TsM '~ h) Y a4B) . 

Remark 7.2. For the case (4B~), i.e. two groups £4,6,3 = (—(Tab, — ^3) an d £4,6,4 — ( — °"4B, A 3 ), 
to get suitable generators of K(x,y, z)^ over K is essential, because £4, 2 , 2 = (— o^b) G A/". 
Although we can show the rationality of K(x, y, z) G4fi > 4 by using K(x, y, z)^ = K(t 1: t 2 , t 3 ) via 
Lemma 3.9, we choose a method as in this subsection in order to compare the result with some 
cases G D £3,1,4 = (t 3 ,A 3 ) (cf. Subsection 5.6 and Section 14). 

8. The case (5A): a 3A e G 5djk 

In this section, we consider the following eight groups G = £5,^, 2 < k < 3, which have a 
normal subgroup (0-3 a) '■ 

£5,1,2 = (o"3a) — C 3 , £5,2,2 = (o~ 3 a, —h) — Ce, 

£5,3,2 = (o"3A, -a) = S3, £5,3,3 = (o~ 3 A, —P) = S 3 , 

£5,4,2 = (o~ 3 A, ft) = <S 3 , £5,4,3 = (°3A, Oi) = S 3 , 

£5,5,2 = (o"3A, Ct, ~h) = D 6 , £5,5,3 = (a 3A , (3, ~h) = T> G . 
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Note that we changed the generator —a (resp. — /3) of £5,5,2 (resp. £5,5,3) by a = (—a) (—I3) 
(resp. (5 = (— h))- The actions of <7 3 a, — h, a, —a, f3 and — f3 on K(x,y,z) are given by 

b d e f 

(T3A : x 1 — y ay, y i-4 — , z i-4 cz, —i,3 : rr h-> — , y h-> -, 2; 1— )■ — , 

xy x y z 

J k I 

a : x (->■ gy, y h> to, 2 i-4 zz, —a : rr 1— >■ -, y 1— > — , 2 1— > -, 

y x 2 

m n r 

p : x 1 — y — , y 1— >• -, z 4 oz, — p : x 1-4 py, y 1-4 gx, 2; 1-4 -. 

y x z 

We may assume that a = 1 by replacing ay by y and the other coefficients. By the equalities 
cr| A = (— J 3 ) 2 = a 2 = f3 2 = I3, we have c 3 = gh = i 2 = o 2 = pq = 1, m = n, j = k. 
By the relations of the generators of the G"s as in (6), we have the following lemma: 

Lemma 8.1. (i) If a 3A , ~h £ £ then c = I, b 2 = d 3 , d = e G K x2 ; 

(ii) If a 3 a, ot G G then c — 1, g — h — 1; 

(iii) Ifa 3 A, -a e G then b 2 = j 3 , hence j G K x2 ; 

(iv) If a 3 \, j3 <E G then c = 1, b 2 = m 3 , hence m G K x2 ; 

(v) Ifa 3A , -(3 G G then p = q = 1. 

Thus we may reduce the monomial actions to the following form: 

(9) ;= . 3. ^ ^ ^ ^ — , z 4 CZ, -J 3 :j: 4 - !/ 4 - Z 4 -, 

xy x y z 

1 1 I 

a : x 1-4 y, y 1-4 x, z 1-4 £2, —a : x 1-4 -, y 1-4 —,21-4 -. 

y x 2 

11 r 
/?:x 4 -, y i-4 -, z 4 ez, — /3 : x h-4 y, y h-4 x, z 4 - 

y x z 

where b, c, /, /, r G i^ x , c 3 = 1 and e = ±1. We have c = 1 except for the groups £5,1,2! £5,3,2 and 
£5,3,3, and 6 = 1 except for the groups £5,1,2, £5,3,3 and £5,4,3- For -a G £5,5,2 and -(3 G £5,5,3, 
we have I = ef and r — ef since —a = a(—I 3 ) and — j3 = /?(— 1 3 ), respectively 

8.1. The cases of £5,1,2, £5,4,2, £5,4,3- We treat the cases of 

£5,1,2 = (0-3A C) )> G 5,4,2 = (v£a\P), G 5,4,3 = (^3a\ °) 

where af^ is given as in (9). 

By applying Theorem 3.1 to L = K(x,y) and M = K, the rationality problems may be 
reduced to the 2-dimensional case of K(x,y) G5 ' 1 ' 2 , K(x ) y) Gr ' A ' 2 and K(x,y) G5 ' 4 - 3 under monomial 
actions. Hence K(x, y, z)° 5A - 2 , K(x, y, z) GsA ' 2 and K(x,y, z) G5A ' 3 are rational over i-T. 

8.2. The cases of £5,2,2? £5,5,2? £5,5,3- We treat the cases of 

£5,2,2 = (03^? £5,5,2 = (°3A^> a > -4), £5,5,3 = (^aA^ , — -^3)- 

In these cases, the groups £ have a non-trivial center which includes {—I 3 ) respectively. We first 

(1,1) 



consider the fixed field K(x, y, z) Gsa ' 2 = K(x,y,z)( a ^ 



By Lemma 3.6, we have K(x,y, = K(u(l),v(l), z). We put 

ti:=u(l), t 2 :=u(l), t 3 :=^- 
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Then the actions of — I 3 , a and (3 on K(x, y, z)^3A ) = K(ti,t 2 ,t 3 ) are given by 

h h f 

r, t 2 |— ^ To — — — 7~P?i ^3 ^ 



-/ 3 






a : 


: h 


!->■ 





: *! 





^1 ~~ tit 2 + ^2 ^1 — ^1^2 + t 2 ^3 

t 2 ^ tl, t 3 !->■ £t 3 , 

ti t 2 
t^ — tx^2 + t^ t^ — ti^2 + t^ 

where e — ±1. We put 

ti — 1 2 2 

Then we see K(x,y, z)^a ') = K(t 1 ,t 2 ,t s ) = K(u 1: u 2: u 3 ) and the actions of — J 3 , a and /3 on 
K(ui, u 2 , u 3 ) are given by 

3u? + 1 / 
-I 3 : Mi -m, u 2 ^ , u 3 — , 

«2 «3 

a : Hi 4 —""I, -u 2 !->■ «2, «3 i — ^ £M 3 , 

3uj + 1 

p : Ui (->■ «!, -u 2 | — >■ , w 3 i — y eu 3 . 

u 2 

We get an explicit transcendental basis of K(x, y, z) Gb > 2 ' 2 over K as follows: 

Lemma 8.2. We have K(x, y, z) G '°' 2 ' 2 = K(ui,u 2 ,u 3 Y~ Is ^ = K(ri,r 2 ,r 3 ) where 

_ u 2 3 + f mu 2 _ (3u| + v% + 2u 2 + l)(u 2 3 - f) 

Tl u 3 ' r ' 2 Zu\ — + r3 (3«f — zi| + l)w 3 

Proof. We put 

w 1 := m 3 H , u> 2 := «i / % , w 3 :=u 2 ^ , w A :=u x [u 2 . 

u 3 I \ u 3 / u 2 I V u 2 / 

Then we have if(iii, «2, M3)^~ /3 ^ = ^(^i, w 2 , w 3: W4) because [K(ui,u 2 ,u 3 ) : K{wi, w 3 , W4)] = 4 
and u>2 & if («>i, w 3 , W4). Since = (wf — 4/)tu 2 2 = u»|(ty| — 4)/(12u>f +1), putting tu 2 := w 4 (w 3 + 
2)/u>2, w 3 := u> 4 (u> 3 — 2)/w 2 , we have u> 2 -u; 3 = (^1 ~ 4/)(12w| + 1), so that ^(^1,^2,^3,^4) = 
if(u>i, w' 2 , w' 3 , W4) = K(wi,w' 2 ,W4). It can be checked by the definition that r\ = w±, r 2 = —W4, 
r 3 = —w' 2 . □ 

Remark 8.3. The rationality of K(u 1: u 2) u 3 )(~ l3 ^ is a result of R(a,b,c) in [Yam, Lemma 2]. 



In particular, K(x, y, z) Grj ' 2 ' 2 is rational over K. The actions of a and (5 on K(x ) y ) z) G '°' 2 ' 2 = 
K(r 1 ,r 2 ,r 3 ) are given by 

a : r\ H> eri, r 2 i-)- -r 2 , r 3 1-4 £r 3 , 
|3 : ri 4 eri, r 2 1-4 -r 2 , r 3 i-> —er 3 . 

Thus we conclude that K(x, y, z) Gs ' 5,2 = i^(ri, r 2 , r 3 )^ Q ^ and K(x,y, z) G5 ' 5 < 3 = K(ri,r 2 ,r 3 )^ are 
rational over i^. 

8.3. The cases of G 5i3;2 , G 5i3i3 . In this subsection, we assume that c = 1. The cases of £5,3,2 
and £5,3,3 with c 7^ 1 will be discussed in Section 11. 
We treat the cases of 

G 5 , 3 , 2 = (aiY\~a), G 5 ,3,3 = (af A c) ,-/3). 
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Recall that the actions of crfjf*, —a and —(3 on K{x,y,z) are given as 

a y 3A ' : x ^-y y, y ^ — , z \-> cz, 

xy 

1 1 I r 

—a '. x i — y — , y i — y — , z i — y — , — p : x \— y y } y i->- x, z \— y - 

y x z z 

where b,c,l,r G K x and c 3 = 1. We assume that c = 1 in this subsection. 

By the same way as in the previous subsection, we get K(x,y, z)^ a ^ ^ = K(ti, t 2 , £3) where 
t\ = u(b), t 2 = v{b), t 3 = z and u{b), v{b) are given in Lemma 3.6, and we put 

(10) U2:= 7~T' M 3 ;=t 3- 

t\ + t 2 t\ + t 2 

Then the actions of —a and of — /3 on K(x, y, z)(°3A ^ = K(ui, u 2 , u 3 ) are given by 

3m? + 1 I 

—a : Ui h-> ui, u 2 H> , w 3 !->■ — , 

u 2 u 3 
r 

—(5 : ui 1 — y —Mi, u 2 1 — y u 2 , u 3 4 — 

«3 

where we adopt b = 1 in the case of £5,3,2 = (o"!^, —a). 

Hence the problems reduce to the case of 2-dimensional monomial actions. It follows by 
Theorem 1.1 that K(x, y, z) Gb > 3;i = K(ui,u 2 ,u 3 )^~^ and K(x, y, z) Gs - 3 ' 2 = K(ui, u 2 , U3) ( -Q ^ are 
rational over K. 



9. The case (5B): a 3B G G 5j -,i 

In this section, we consider the following five groups G = (75,^1, 1 < j < 5, which have a 
normal subgroup (o" 3 b): 

^5,1,1 = (C"3B) — C 3 , ^5,2,1 = (0"3B, —^3) — ^6, 

£5,3,1 = (o"3B, ~Oi) = S3, £5,4,1 = (cr 3B , a) = <S 3 , G 5 , 5 ,i = (tr 3B , a, -J 3 ) = P 6 . 

Note that we changed the generator —a of £5,5,1 by a = (— ee)(— h)- The actions of <t 3 b, —I3, ol 
and —a on y, z) are given by 

rf e / 

(T 3 b : x 1 — y ay, y h-> te, 2 h-> cx, — i 3 : x 1— )■ — , y 1— )■ -, z h-> — , 

x y z 

J fc * 

a : x 1— y gy, y h-> ax, z >->■ zz, —a : x (->■ -, y !->■—, z !->■ -. 

y x z 

We may assume that a = 6 = c = lby replacing (ay, abz) by (y, z) and the other coefficients. 
By the equalities a"| B = a 2 = (—a) 2 = (— / 3 ) 2 = I 3 , we see gh = i 2 = 1 and j = k. 

From the relations of the generators of the G"s as in (6), we also see d = e = f, g = h = i = ±1, 
j — k — I. Hence we have 

d d d 

03B : x t-> y, y ^ z, z \-> x, -I3 : x ^ -, y ^ -, z ^ -, 

x y z 

j j j 

oc \ x 1 — y ey, y >-» ex, z h-> ez, —a : x 1— y —, y i->- — , 21— >■ - 

y x z 

where d,j G and £ = ±1. For £5,5,1 = (<t 3 b, a ? — -^3)5 we have j = ed because —a = a(— 13). 
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9.1. The cases of £5,1,1, £5,3,1, £5,4,1. We treat the cases of 

^5,1,1 — (C3B), £5,3,1 = (0"3B, -«), £5,4,1 = (C3B, Oi). 

It follows from Lemma 3.5 that K(x, y, z) Gh ' 1 ' 1 = K(x,y, z)^ 3 ^ = K(si,u,v) is rational over 
K, where s±, u, v e K(x,y,z) are as in Lemma 3.5. 

The action of £5,3,1 = (c 3 b, —a) on if (x, y, z) is the twisted action of S 3 as in Theorem 3.11. 
Hence it follows from Theorem 3.11 that if (x, y, z) 05 - 3 - 1 is rational over if. We can also get an 
explicit transcendental basis of if (x, y, z) -'' 3 ' 1 over if by Theorem 3.11. 

The fixed field if (x, y, z^ 5 - 4 - 1 = K(s 1: u,v)^ is rational over if because the action of a on 
if(x,y, z)^ 3 ^ = K(si,u,v) is given by 

a : si (->■ £s 1; if 1— )■ et> , v 1— )■ ett. 

9.2. The cases of £5,2,1, £5,5,1- We treat the cases of 

£5,2,1 = (o~3B,—h), £5,5,1 = \V3B,(x,—h)- 

Since the center of the groups £5,2,1 and £5,5,1 includes (—I3) respectively, we first consider 
the field if (x, y, z)^~ l3! . By Theorem 3.13, we have K(x,y, z)^~ l3 > = K(ki,k 2 ,k3) where 

, xy + d , yz + d , xz + d 
fci := ■ , k 2 := ■ , k 3 := ■ 

x + y y + z x + z 

and the actions of o^b and of a on K(ki, k 2 , k^) are given by 

o"3B '■ k\ 1— >■ k 2 !->■ k 3 1 ^ fci, 
a : fci h> £&i, fc 2 !->■ £& 3 , fc 3 >->■ £& 2 . 

Hence K(x,y, z) G5 < 2A = K(ki, k 2 , k^^s) [ s rational over if by Lemma 3.5. When e — 1, the 
action of (033, ck) on if (A4, k 2 , k 3 ) is the permutation of 1S3 and hence K(k±, k 2 , k^)^ 33 ' ^ is rational 
over if. When e = — 1, it follows from Theorem 3.10 that K(k±, k 2 , A^)^ 313 '^ is rational over if. 
Therefore we conclude that if (x, y, z) 05 - 5 - 1 = if (k±, k 2 , k 3 )^ a3B ' a ^ is rational over if. 

10. The case of G 6:jik 

We treat the following eight groups £ = £6j,i, 1 < j < 7, and £ = £6,6,2 of the 6th crystal 
system in dimension 3 which have a normal subgroup (0-3 a) '■ 

£6,1,1 = (c3A,Ti) = Cq, £6,2,1 = (o"3A, ~ Tl) — C 6 , 

£6,3,1 = (&3A,Ti, -h) — Cq X C 2 , 

£ 6 ,4,1 = <<T3A, n, ~(5) = V 6 , £ 6 , 5 ,1 = (<T3A, Tl, /3) = D 6 , 

£6,6,1 = (o"3A, -Ti, /?) = ©6, £6,6,2 = (o"3A, "Tl, —0) = T> 6 , 

£6,7,l = (^3A,Ti,/?,-i 3 >^£>6XC 2 . 

Note that we changed the generator — /3 of £6,7,1 by j3 = (— h). The actions of <7 3 a, — ^3, 
Ti, — Ti, /3 and — j3 on K(x,y,z) are given by 

6 d e / 

(T3A : x 1 — y ay, y >->■ — , z (-)■ 02, —73 : x i-)- — , y h-> — , z (-)■ — , 

x y z 

g h . . I 

T\ ~. x 1 — y — , y 1 — y — , z \-y iz, —T\ : x h-> jx, y \-y ky, z >-)■ -, 

x y z 

m n r 

p \ x 1 — ^ — , y (->■ -, z 4 oz, — p : x 1— )■ py, y h-> gx, 2 (->■ -. 

y x ' z 

We may assume that a = 1 by replacing ay by y and the other coefficients. By the equalities 
af A = (—I3) 2 = r\ = (3 2 = i 3 , we have c 3 = i 2 = j 2 = k 2 = o 2 = pq = 1, m = n. 
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By the relations of the generators of the G's as in (7), we see the following lemma: 

Lemma 10.1. (i) If a 3A , -I 3 G G then c=l,b 2 = d 3 ,d = eE K x2 ; 

(ii) Ifa 3A , neG then b 2 = g 3 , g = he K x2 ; 

(iii) If cr 3A , —Ti G G then c = 1, j = k = 1; 

(iv) If a 3A ,(3 G G then c = 1, b 2 = m 3 , m = n G K x2 ; 

(v) Ifcr 3A , -(3 EG thenp = q = 1. 

Thus, the monomial actions may be reduced to the following cases: 

(b,c) b 11/ 

0"3A = cr 3 a : X h-> y, y H> — , z ^ cz, -I 3 : x -, y h-» -, z ^ -, 

xy x y z 

1 1 Z 

T\ '. x i — y — , y i — y -, z (->■ e-jz, — Ti : x >->■ x, y >->■ y, z >->■ -, 

x y z 

1 1 r 

p : x (->■ -, y !->■ — , 2; (->■ £2-2, — P : x 1— >■ y, y >->■ x, z t— > - 

y x z 

where b, c, /, Z, r G -Z\~ x , c 3 = 1 and £1, £ 2 = ±1. We have c = 1 except for the groups (^6,1,1 and 
(j6,4,i) an d & = 1 except for the groups G 6;2 ,i and G 6)6)2 . Furthermore, Z = £1/ for the groups 
G 6)3) i and G 6J;1 , r = e 3 l where e 3 = ±1 for the groups G 6fi>2 and G 6Ji i with e 3 = e 1 e 2 for G 6J)1 . 

10.1. The cases of G6,i,i 5 G 6i5i i. We treat the cases of 

By applying Theorem 3.1 to L — K(x,y) and M = K, the rationality problems may be 
reduced to the 2-dimensional cases of L = K(x,y). Hence K(x, y, z) 6 * 6 - 1 ' 1 and K(x,y, z)^' 5 ' 1 are 
rational over X. 

10.2. The cases of G 6)3i i, G 6)7i i. We treat the cases of 

Ge.3,1 = (4a ) ^1,-/3), G 6)7il = (tr&Vi./Ws). 

In these cases, the groups G have non-trivial centers which include (—I 3 ) respectively. Hence we 
first consider K(x, y, z) G5 - 2 ' 2 = K(x, y, z)( a 3A 

As in the previous section, we put t\ := u(l), t 2 := v(l), t 3 := z where u(b), v(b) are given in 
Lemma 3.6 and also put Ui := (t 1 — t 2 )/ (ti + t 2 ), u 2 := 2/ (ti + t 2 ), u 3 := t 3 . 

Then, by Lemma 8.2, we have K(x,y, z) G5 ' 2 < 2 = _Z\~(-ui, w 2 , -u 3 )^ /3 ^ = K(ri,r 2 ,r 3 ) where 

_ uj + f u x u 2 _ (3uj + u\ + 2u 2 + l)(ul - f) 

Tl u 3 ' r ' 2 2>u\ — u 2 + 1 ' r3 (3uf — u 2 + l)w 3 

The actions of T\ and /3 on u 2 , u 3 )^ 13 ^ = K(ri,r 2: r 3 ) are given by 

Ti : n H>£iri, r 2 1— >■ r 2 , r 3 ^ -£ir 3 , 
/3 : ri (-)• £ 2 ri, r 2 h-> -r 2 , r 3 i-> -£ 2 r 3 . 

Hence K(x,y, z) 136 ' 3 - 1 = K(r±, r 2 , r 3 )^ and K(x,y, z^ - 7 ' 1 = K(ri, r 2 , r 3 )( T1 '^ are rational over 
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10.3. The cases of G^2,i, Gq^i, Gq^ 2 . We treat the cases of 

C 6 ,2,i = Wi b A~\ —n), G 6j6i i = (a^\ 
G 6A2 = (<t$a\ - r i> -P) = (°3a\ ~n, a). 
Recall that the actions of crfj^\ — t±, a, (3 on K(x,y,z) are given as 

°3A = °"3A 1} x y, y z z, -Tin 4 i, y 4 j/, z 4 -, 

xy z 

a = (— Ti)(— fl) : x (->■ y, y z4 e 3 z, /3 : x -, y i-4 — , z i-4 £ 2 <2- 

As in the previous section, we put ti := 2(6), t 2 := v{b), t 3 := z where u(b), v{b) are given in 
Lemma 3.6 and also put U\ := (ti — t 2 )/{ti + t 2 ), u 2 '■= 2/(ti + £ 2 ), u 3 := t 3 . 

Then the actions of —r 1 , (5 and a on K(x,y, zY a sA > = K(u 1 ,u 2 ,u 3 ) are given by 

Z 

-Ti : Mi 1-4 Ml, M 2 ^ M 2 , M 3 !->■ , 

«3 

3m? + 1 

P : Ml 4 Mi, M 2 I y , M 3 l-> £ 2 M 3 , a : Mi 4 — «1, «2 «2, «3 !->■ ^3^3 

where we adopt 6 = 1 in the case of G 6i6) i = (a^\—Ti,/3). Therefore K(x,y,z)° 6 ' 2 ' 1 = 
K(ui,U2,u 3 ) ( -" Tl ^ = K(vi,v 2 ,v 3 ) is rational over K where 

I 

Vl -=ui, v 2 := M 2 , v 3 := M3 H . 

«3 

The actions of (5 and a on K(x ) y ) z) G,i ' 2 ' 1 = K(v 1: v 2: v 3 ) are given by 
a H + 1 

p : vi i-4 w 2 h» , w 3 h-> e 2 w 3 , a :«i 4 v 2 ^4 t> 2 , v 3 ^4 e 3 w 3 . 

^2 

Hence both K(x,y, z) 06 ' 6 ' 1 = K(v 1 ,v 2 ,v 3 )^ and K(x,y, z) G(i ' 6 ' 2 = K(v 1 ,v 2 ,v 3 )^ are rational 
over fC. 

10.4. The case of G6,4,i- In this subsection, we assume that c = 1. The case of G6,4,i with 
c 7^ 1 will be discussed in Section 11. 

We treat the cases of 

Recall that the actions of a^jf* , r x and — /3 on K(x,y,z) are given as 

°"3A C) ■ x ^ y, y ^ z ^ cz, 

1 1 r 

ri :i; 4 — , y 1-4 — , 2 1-4 £1-2, — p : rr 1-4 y, y 1-4 x, 2; i-4 -. 

x y z 



We assume that c = 1 in this subsection. 
As in the previous subsection, we ha^ 
and of — j3 on K(ui, u 2 , u 3 ) are given by 



As in the previous subsection, we have K(x,y, z)^^ ) = K(ui,u 2 ,u 3 ) and the actions of tl 



3m? + 1 

Ti : Mi 1-4 -Mi, M 2 1-4 , M 3 1-4 £iM 3 , 

U 2 

r 

— p : Mi 1-4 —Mi, M 2 1-4 M 2 , M 3 i-4 — . 

U 3 
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Lemma 10.2. We have K{x,y,z) Gli ' 1 ' 1 = K(ui : u 2: u 3 )^ = K(qi,q 2 ,q 3 ) where 

3uj + u\ + 1 



qi := u 2 + Ti(u 2 ) = 



u 2 

/? -7/2 + 1 I M 3, if £i = 1, 



W2-Ti(u 2 ) 3m|-M2 + 1 

<?2 := = , <?3 ■= \ u 3 

ui u\U 2 — , if e 1 = — 1. 

Ml 

Proof. The assertion follows from Theorem 3.2 (I). Indeed we can check it directly as follows: 
First we see K(ui, u 2 , w 3 ) <n) = K(uf, q ± , q 2 , q 3 ) because [K(ui,u 2 , u 3 ) : K(uf, q ± , q 3 )} = 4 and q 2 g 
K{u\, qi, q 3 ). Since u\ = (qf - 4(3w 2 + 1 ) ) /g| , we have u\ G K(q 1 , q 2 ) so that K{u\, qi, q 2 , q 3 ) = 
K(qi,q 2 ,q 3 ). □ 

The action of — /3 on K(qi,q 2 ,q 3 ) is given by 

{r 
q 3 H> — , if ei = 1, 
^^1 + 12) f 
(9i - 4)g 3 

When £x = 1, by Theorem 3.2 (I), K(qi, q 2 , q 3 Y~® = K(qi, q 3 + r/q 3 , (q 3 — r / q 3 ) / q 2 ) is rational 
over K. When E\ = —1, by Theorem 3.2 (I) again, K(qi, q 2 , q 3 Y~^ is rational over K. Thus we 
conclude that K(x, y, z)* 36 * 4 - 1 = K(qi,q 2 ,q 3 Y~^ is rational over K. 

11. The case where 1 

There are 16 groups £ C GL(3, Z) which contain <t 3 a as in Section 8 and Section 10. The 
action of o~ 3 a on K(x, y, z) is given by 

b 

o"3A : x H- y, y h-> — , z >->■ c^; 

where b,cE K x and c 3 = I. By results in Section 8 and Section 10, we have c = 1 except for 
G = £5,1,2, £5,3,3, £6,1,1, £6,4,i- Note that K(x,y, z) Gs ^ 2 and K(x,y,z)° 6 ^ 1 are rational 

over K by Theorem 3.1. 

In this section, we consider the case c ^ 1 for £ = £5,3,2, £5,3,3, £6,4,1- Namely we assume 
that char K 7^ 2 and K contains a primitive cube root of unity 00 and c = u. We note that 
oo 2 + u + 1 = and v^3 G X. 

From results in Section 8 and Section 10, we have 

£5,3,2 = (^A^ , -«) , G 5,3,3 = (4a W) , -£) , G 6,4,l = (4a W) , T l > 

where 

o~ 3 a = • x ^ y, y ^ — , z ^ uz , r i : x |— ^ — , y |— ^ — , 2 •->■ £2, 

x y 

1 1 Z _ r 

—a : x !->■—, y •->■—, 2 !->■ -, — p : x y, y 1— > x, z ^ - 

y x z z 

with b,l,r G fT x and e — ±1. 
We take the Lagrange resolvent 

2 6 o; 2 6 + x 2 y + wxy 2 
fc>:=x + w- y + cj • — = 

xy xy 

with respect to the (T 3 A-orbit of x then we have 

4^(0) =c 2 0. 
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Thus Qz is an invariant under the action of crfj^\ 

By results in Subsection 8.3, we have K(x,y)( a 3A > = K(ui,u 2 ) where u±, u 2 are given as in 
(10), and the actions of Ti, —a, —(3 on K{ui,U2) are 

3m? + 1 

Ti : Ui i — y —Mi, u 2 h-> , 

3«i + 1 

—a : Mi !->■ Mi, M2 H> , — p : Mi >->■ —Mi, M2 i-> M2. 

«2 



Putting 



w 2 6 + re 2 ?/ + wx?/ 2 

t 3 := <dz = z, 

xy 



we have K(x,y, z)^^ ^ = K(u 1 ,u 2: t 3 ) and the actions of t 1: —a, —ft on -£^(£3) are as follows: 

Ti (0) Z r 

ri : t 3 £^77^3, -a : t 3 ^ -N_ a (6), -/3 : t 3 ^ -N-^(O) 

t> t3 *3 

where N means the norm operator, so that N T (0) = t(0)0 when r is of order 2. 

We consider the case of G5, 3 ,2 = {cf^, ~°) with 6=1. Although is not -invariant, 
the relations crfj^\Q) = w 2 Q and [crf^, —a] = crf^ imply that crf^ ((— «)(©)) = u)(—a)(6). 
Hence 

6 2 (w 2 6 + x 2 y + uxy 2 ) 2 

(— «)(©) xy(x + uy + u 2 bx 2 y 2 ) 

is crg^-invariant, so F 6 -/\~(mi,m 2 ) and N_ Q (F) = N_ Q (0). Putting m 3 := t 3 /F, we have 
K(x,y, z)( a 3A ) = X(mi, m 2 , m 3 ) and 

3m 2 + 1 / 
—a : Mi 1 — y Mi, M2 , «3 !— > — • 

u 2 u 3 

Hence K(x,y, z) Gs:i ' 2 = K(ui,u 2 ,u 3 )^~ a ^ is rational over K (cf. Subsection 8.3). 

For G 5j3i3 = /?), by replacing —a with — /3, we can show that K(x, y, z)( a ^ ^ = 

K(ui,u 2 , u' 3 ) and 

r 

— P : Ml I — y —Mi, M 2 !->■ M 2 , Mo I— )> — 

u' 3 

where m 3 = t 3 /F' and F' = 2 / ((-/?)(©)). Thus K(x, y, z) G ^ = K(u u u 2 ,u' 3 Y~^ is rational 
over K (cf. Subsection 8.3). 

For G 6 ,4,i = (<T3 A W \ Ti, — /3) with b = 1, we put 

„". ^ Tl ( e ) 1 iV f ujx + y + bu 2 x 2 y 2 } 
% - I"© - + l ) h ~ \bco 2 + x 2 y + coxy 2 + l ) h 
(buj 2 + cox + y + a: 2 ?/ + wxy 2 + bto 2 x 2 y 2 )z 
xy 

then we have T\ : m 3 >->■ £M 3 . Note that ri(0)/0 is crf^- invariant, so that Ti(0)/0 G K(ui,u 2 ) 
and K(x,y, z)^ a 3A > = 1^(mi, m 2 , m 3 ). By Lemma 10.2, we get 

K(x,y,z) G ^ = ir(Mi,M 2 ,M 3 ') <T1> = K( qi ,q 2 ,q 3 ) 



where 
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, . 3ul + u\ + 1 
9i ■= u 2 + ti{u 2 ) = , 

7/.o 
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U 2 

u 2 -n(u 2 ) 3u 2 -u 2 + l K, ife = l, 

92 := — = " " , 9s := < u " 

Ml U X U 2 _3 if £ = _ L 

I Mi 

The action of — j3 on K(q±, q 2 , g 3 ) is given by 

L 3 _> L N _J @ + ri (0) N ) ) if e = i, 
-0 ■■ 9i m- gi, g 2 H. -92, <j ^ ^ r(g2 + 12) 

Since 



^-^fMe + Tl ,e)),if^-i. 



(6 + ri(6)) 2 (&w 2 + wx + y + x 2 y + w:ry 2 + &w 2 :rV) 2 

(—j3)(Q + Ti(0)) xy{bu 2 + x + coy + cox 2 y + :ry 2 + bco 2 x 2 y 2 ) 

is Ge^i-invariant, we have F" G K(q x ,q 2 ) and N_ /3 (6 + ri(6)) = N_ /3 (F"). 
So putting g 3 := qz/F", we have K(x ) y ) z) Gli ' 1 ' 1 = K(q 1 ,q 2 ,q' 3 ) and 

, 3 K> -, if £ =l, 

✓ K> r{ql + U) if," 1 

By Theorem 3.2 (I), K(x,y, z)^ 1 = K(q 1 ,q 2 ,q' 3 Y~^ is rational over if (cf. Subsection 10.4). 

12. The case of G 7ji i 

In this section, we consider the following five groups G = £7j,i, 1 < j < 5, which have a 
normal subgroup (ri,Ai): 



£7,1,1 - 


(n, Xi, 


0"3B) 








(C 2 


xC 2 , 


) xC 3 , 


£7,2,1 = 


(ri,Ai, 


0"3B, --^3) 


r^s 


At x C 2 




(C 2 


x C 2 


x C 2 ) x C 3 , 


^7,3,1 — 


(n, Ai, 


0"3B, "A) 


r^i 


S 4 




(C 2 


xc 2 ; 


) x S3, 


£7,4,1 = 


(ti, Ai, 


0"3B,ft) 


rsj 


S 4 




(C 2 


xc 2 ; 


) x S3, 


£7,5,1 = 


(ti, Ai, 


0"3B,ft, --^3) 




S 4 x C 2 




(C 2 


x c 2 


x C 2 ) x S 3 . 



Note that t x = t and ft = f3 (cf. Sections 8, 9, 10). 

The actions of Ti, Ai, <t 3 b, —ft, ft and —I3 on K(x,y,z) are given by 

a 6 d / 

n : 1 4 -, 1/ 4 -, z 4 a, Ai : rr 1— > — , y 1— > ey, z 1— )■ — , 

x y x z 

o"3B : x 1— > #y, y i-> foz, 2; ix, —ft : x i-> jy, y >->■ fcx, z \-> —, 

z 

m n p q r 

P\ \ x 1 — y — , y 1 — y — , z 1 — y oz , — i 3 : x >->■—, y >->■-, 2 (->■ -. 

y x x y z 

We may assume that g = h = i = lby replacing (gy, g'/iz) by (y, z) and the other coefficients. 
By the equalities t 2 = A 2 = cr| B = (—ft) 2 = (3j = (—h) 2 = h, we have c 2 = e 2 = jk = o 2 = 1 
and m = n. 
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By the relations of the generators of (77,1,1 as in (8), the monomial action of (77,1,1 is written 

as 

a £\CL £\CL a 

(11) Ti : x 1 — y — , y 1 — y , z h-» £1-2, Ai : x (->■ , y h-> ^y, z \-> —, 

x y x z 

a 3B : x ^ y, y ^ z, z x, 

where a G K x , E\ = ±1. 

By the relations of —ft, ft, — ^3 with the generators of (77,1,1, the monomial actions of —j3i, 
Pi, —I 3 are written as 

. . x ja e^a £ 3 a 

(12) -ft : x >->■ jy, y H> -, z H> — , ft • ^ ^ , 1/ H> , 2 ^ e 3 z, 

j z y x 

E4Q, E4Q, E40, 
-I 3 : x h-> , y H> , 2; h-> 

a; y z 

where 

£ 2 , if £1 = 1, 

J 



^£ 2 V-T ! if £1 = -1 
and e 2 , £3, £4 = ±1. 

The action of ft is possible only when £1 = 1, so that the case £1 = — 1 does not appear for 
(7 = (77,4,1 and (77,5,1, and also for (77,3,1 if V - 1 ^ F° r the group (77,5,1 with £x = 1, we have 
£2 = ^3^4- When £1 — — 1, we may assume that £2 = 1 by replacing — \/— 1 by \/— T. 

12.1. The case of £1 = 1. We treat the case where £1 = 1 in this subsection. Although 
(73,1,1 = (t~i, Ai) G A/", by Theorem 3.16, we have 

K(x,y,z)^ =K(vi,v 2 ,v 3 ) 

where 

a(— x + y + z) — xyz a(x — y + z) — xyz a(x + y — z) — xyz 

(13) Vi := ■ , v 2 := ■ , v 3 := ■ . 

a — xy — xz + yz a — xy + xz — yz a + xy — xz — yz 

The actions of ct 3 b, —ft, ft and —I 3 on K{vi,v 2 ,v 3 ) are given by 
03B : vi v 2 , v 2 h-> v 3 , V 3 h-> Di, 



£20 




!->■ 


£2& 




!->■ 


£20 




^2 


1 


^3 




^2 ' 




Vi 




^3 


£40 




!->■ 


£4(1 




1 — ^ 


£40 




^2 




^3 




«1 






v 2 ' 




^3 



Hence the groups (77,^,1, 1 < j < 5, act on i^(x, y, 2;)^ Tl ' Al ^ by monomial actions as C 3 , Cq, S 3 , 
S 3 , V 6 respectively. We already treated these cases as in Section 9. Therefore the fixed fields 
K[x, y, z) 7 ' j ' 1 , 1 < j < 5, are rational over K. 

We can also get explicit transcendental bases of the fixed fields over K by results of Section 
9. For example, by Theorem 3.13, we see 

K{x,y,z)^ M >- h) = K(vi,v 2 ,v 3 y~ h) = K(h,k 2 ,k 3 ) 

where 

_ 2(v 2 v 3 + £ 4 a) _ 2(viv 3 + £ 4 a) _ 2(viv 2 + £ 4 a) 

ki : — ; , K 2 : — ■ , K 3 : — ■ . 

v 2 + v 3 Vi + v 3 Vi + v 2 

By the definition of vi, v 2 and v 3 , we see 

x 2 + a , y 2 + a z 2 + a 
, h = , k 3 = , if £ 4 = 1, 

xyz 

(x 2 - a)(a 2 + ay 2 + az 2 - Aayz + y 2 z 2 ) 2 

, k 2 = a 3B {ki), k 3 = a 3B {ki), if £ 4 = -1. 



x(y 2 — a)(z 2 — a) 
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Because the action of ct 3 b on K(ki, k 2 , k 3 ) is given by 

o"3B : h i y k 2 , k 2 k 3 , k 3 ^ k ± , 

we can get an explicit transcendental basis of K(x, y, z) Gl ' 2 ^ = K(ki,k 2 ,k 3 Y' J3B ' > over K by 
Lemma 3.5. 

12.2. The cases of £7,1,1 and £7,3,1 with E\ = —1. We treat the case where E\ = —1. In this 
case, £7,4,1 and £7,5,1 do not appear and we first treat the cases of 

£7,1,1 = (ti, Ai, <7 3 b), £7,3,1 = (ti, Ai, (7 3 b, —(3i)- 

For £7,2,1, see the next subsection. The actions of T\ ,Ai, <t 3 b and —j3i on K(x, y, z) are given as 
in (11) and (12). Note that £7,3,1 appears only in the case where K 3 We will show that 

K(x ) y ) z) G7 ' 1 ' 1 is rational over K if [K(y/a, y/—T) : K] < 2 and K(\/^ T)(x, y, z) " 7 - 3 ' 1 is rational 
over K(y/^ T). 

When [K(y/a, : K] — 4, we do not know whether K(x, y, z) 07 ' 1 ' 1 is rational over K or 

not. Note that the group £7,1,1 has a normal subgroup (r 1; Ai) = £3,1,1 G A/" and X(x, y, z) G3 ' M 
is rational over K if and only if [K(y/a, : K] < 2 (see also Section 1). The group £7,1,1 

has no normal subgroup other than £3,1,1, and hence the reduction of the problem to a factor 
group does not work for £7,1,1 if [K(y/a, : K] — 4. 

On the contrary, the group £7,2,1 has a normal subgroup £3,3,1 = (ti, Ai, —I 3 ), and the mono- 
mial action of £3,3,1 with S\ = — 1 is an affirmative case of £3,3,1 G Af (see the next subsection). 

Lemma 12.1. Let L = K(^/a, T). T/ie fixed field L(x,y, z) ( ~ Tl ' Xl ' > is rational over L and an 
explicit transcendental basis of L(x,y, z)^ 1 '^ = L(wi,W2,w 3 ) over L is given by 

(a + ^fa\f—\x + yfay — y/^lxy) (a + \fa\f—\y — yfaz + \f—\yz) 



Wi 



w 2 



w 3 



(a — y/ay/^lx — ^fay — \f—\xy)(—\J—\a + \fay — \/a\/—lz — yz) ' 
(a — y/ax — ^[a~\/ —\z — \J — lxz) (a + \fa~\/ — ly — \/az + \/—lyz) 
(a — v/ax + \/a\/^Tz + \/—lxz) (a + y/ay^-ly + y/az — y/—lyz) ' 
(a + y/ay/—Tx + v^ay — V— lxy) (a — \/ax — \/a\/—lz — \/—lxz) 
(— Ta — \/ax + \fa\f—\y — xy)(a — \fax + yfa\f^-\z + \/—lxz) 



Proof. Put 



x x + y/a ^ y + v/av^T 



2; 



L(X, Y, Z) and the actions of T\ and Ai on L(X, Y, Z) are given by 



Then L(x, y, z) 

n : x ^ -x, y ^ -y z m- -z, A x 

Hence we get L(x,y, z)^ = L(ui,u 2 ,u 3 ) where 

ui := v^Xy, m 2 := YZ, 
and the action of A x on L(ui,u 2 ,u 3 ) is given by 



x' y z 



u 3 :-- 



^1XZ 



1 1 1 

Ai : Ui 14 — , u 2 I—)- — , m 3 1 y — . 

Ml U 2 U 3 



Put 



Ml + 1 



v 2 - 



u 2 + 1 



^3 := 



«3 + 1 



Mi — 1 " M 2 — 1 U 3 — 1 

Then the action of Ai on L(x,y, z)^ = L(ui,u 2 ,u 3 ) = L(vi,v 2 ,v 3 ) is given by 

Ai : vi i-> -Ui, v 2 h-> -u 2 , ^3 -u 3 . 
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Hence we get L(x, y, z)^ 1 '^ = L{wi,w 2 ,w 3 ) where 

Wi := Viv 2 , w 2 := v 2 v 3 , w 3 := v 3 Vi. 
We can evaluate the w^s in terms of x, y, z by the definitions above. □ 
Now we take 

and Gal(L/K) = (p a ,p_i) where 

p a : y/a i->- -y/a, \f-\ h-> v^T, 
p_i : \fa i — y y/a, \f—\ H> —\/—\. 



Put p_ a = p a ° P-i- We extend the actions of (^7,1,1 and £7,3,1 to L(x,y,z) with trivial actions 
on L. The actions of <7 3 b, —Pi, p a , P-i and p_ a on L(x,y, z)^ 1 '^ = L(wi,w 2 ,w 3 ) are given by 

(14) 

W 2 — WiW 3 W 3 — WiW 2 W\ — W 2 W 3 

a 3B : wi 1 y — — — , w 2 !->■ — — — , w 3 1 y 



w 2 (w 1 -l)(w 3 -l) ' w 3 (w 1 - l){w 2 - 1) " w 1 (w 2 - l)(w 3 - 1) 

1 1 1 

-ft 4 — , u> 2 h-> — , u> 3 !->■ — , 

u> 3 1U 2 Wl 

W1-W2 w 3 (w 1 - l)(w 1 - w 2 ) w 2 (w 1 -l) 

p a :w 1 t—y — , u? 2 H> ? — r, w 3 >->• — 7 r, 

wi(w 3 -l) wi(w 3 - l){w 2 - w 3 ) w 1 (w 2 -w 3 ) 

w 2 (w 3 — l)(wi — w 3 ) wi(w 3 -l) Wi - w 3 

p_i : w 1 1 ^ — ? — -, w 2 h> — -, w 3 i-» 



w 3 (u> 2 - l)(wi - w 2 ) ' " w 3 {wi-w 2 )'' " w 3 (w 2 -iy 

w 3 (w 2 - 1) iy 2 — w 3 Ww 2 - l)(w 2 - u> 3 ) 

p_ a : Wi H> -, w 2 i-> — , w 3 ^ 



u> 2 (u>i - u> 3 ) ' w 2 (wi — iy w 2 (w! — l)(wi — w 3 ) 

(we omit the display of the actions on L). 

Lemma 12.2. The following three conditions are equivalent: 

(i) K(y^T)(x,y,z) G7 - 1 - 1 = L(wi,w 2 ,w 3 y a3B ' Pa) is rational over K(y/-T) = L {pa) ; 

(ii) K(y/a)(x,y, z) Gr ' 1A = L(wi,w 2 ,w 3 ) ( ~ a ' 3B ' p ^ is rational over K(y/a) = L^ p -^ ; 

(iii) K(y/^a)(x,y,z) Gr ' 1 > 1 = L(wi,w 2 ,w 3 ) l - a3B ' p - a ' > is rational over K(y/^a) = L^ p - a \ 

Proof. We take the L-automorphism 

rj ~. W\ 1 — y w 2 1 — y w 3 1 — y w\ 
on L(w\,w 2 ,w 3 ). Then the assertion follows from the equalities 

V'^SBV = °~3B, V~ 1 paV = P-U V _1 P-lV = P-a, V'* P-aV = Pa 

as il~-automorphisms. □ 

Hence we should consider only p a instead of p_i, p_ a . In order to linearlize the action of <t 3 b, 
we take the cr 3 B-orbit of W\ as 

W 2 - WiW 3 2 (w 1 - l)(w 2 - 1) 
9i := w u q 2 := a 3B (u>i) = — 7 ttt tt, ?3 := ^ 3B ( w i) = • 

W 2 [Wi - l)[W 3 - 1) WiW 2 - w 3 

Then we see 

[L(w 1 ,w 2 ,w 3 ) : ^(g 1? g 2 ,g 3 )] = 2 
because L(wi,w 2 ,w 3 ) = L(q 1 , q 2 , q 3 )(w 3 ) and 

/(ty 3 ) := g 2 g 3 w 3 - (<?i - g 2 - g 3 + qiq 2 + q 2 q 3 - qiq 3 )w 3 + q x q 2 - q 2 + 1 = 0. 
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We take the square root of the discriminant of the quadratic polynomial f(w 3 ): 



94 := V (qi ~ 92 - 93 + gi<?2 + 9293 - <?1<?3) 2 ~ 49 2 9 3 (9l92 -92 + 1) 
w\w 2 — W\W 2 — W\W 3 + W 2 W 3 + Wiwf — WiW 2 W 3 

w 2 (w 3 - l)(w l w 2 - w 3 ) 
Lemma 12.3. Let L = K(y/^\, y/a) . The fixed field L(x, y, z) 03 * 1 ' 1 is given by 

L{x,y,z) G3 >^ = L(w 1 ,w 2 ,w 3 ) = L(q 1 ,q 2: q 3 )(q 4 ) 
where 91,92,93,94 satisfy the equality 

(15) q\ = (91 - 92 - 93 + 9i92 + 9293 - 9i93) 2 - 49293(9192 - 92 + !)• 

We note that 94 is <r 3 B-invariant. The actions of ct 3 b, ~Pi and p a on L(x,y, z)^ Tl,x ^ 
L{qi, • • • ,94) are given by 

o\3B : 9i !->• 92, 92 !-+ 93, 93 H> 9i, 94 >-+ 94, 

ft v o v 9i92 + 9293 - 9s9i + 91 - 92 - 93 - 94 

(16) -/3i : 91 ^ 

92 >->■ 

93 >->■ 

94 !->■ 



2(9i92 - 


92 + 


1) 


9i92 - 9293 + 939i - 


9i - 


923 + 93-94 


2(9s9i - 


9i + 


1) 


-9i92 + 9293 + 939i 


- 9i 


+ 92 - 93 - 94 



2(9293 -93 + 1) 

C q + (1 - 91 - 92 - 93 + 9i92 + 9i93 + 9293 - 2919293)94 



91 >->■ 

92 ^ 

93 >->■ 

94 H> 



where 



2(9i 92 - 92 + l)(939i - 9i + 1)(9293 - 93 + 1) 

gigf ~ g39i + 9? - 29i92 ~ 929391 + 9293 - 9i + 92 - 93 - 949i + 94 

29i(939i-9i + l) 

gigl ~ ?39l - q\ + 919392 + 29392 - 91 93 + 91 + 92 - 93 + 9492 - 94 

292(9192 -92 + 1) 

-9i93 + g29l ~ 93 + 2 9i93 + 9i9293 - 9i92 - 9i + 92 + 93 + 9i93 - 94 

293(9293 - 93 + 1) 
(9i9293 + l)(~9i92 + 2929391 - 9293 - 939i + 91 + 92 + 93 - 94 - 2) 
2(9i 92 - 92 + l)(939i - 9i + 1)(9293 - 93 + 1) 

C q = ~ 9i + 9i - 92 + 9i92 + 92 - 2 9i92 + Q1Q2 - 93 + 9i93 - 29?93 
+ 9293 - 4919293 + 29i9 2 93 + 2919293 - 29i9a93 + 93 + Q1Q3 
- 29293 + 2q 1 q 2 <£ - 29^293 + 9^1 - 2qiqlq 2 3 + 2 9i92?3- 
Lemma 12.4. Let L = K{y/a, V—T). Then we have 

L(x,y,z) G7 ^ = L( Wl ,w 2 ,w 3 y^ = L( qi ,...,q 4 )^ = L(s,u,v) 
where s = 94 + si(l — u + v ) and s±, u, v are given by 

si = si(qi, 92, 93) = 9i + 92 + 93, 

/ \ q\q\ + 929I + 939? - 3919293 

U = M(9l, 92, 9s) = 2,2,2 ' 

qt + qi + qi- 9i92 - 929s - 9s9i 

, x qfq2 + 9I93 + qjqi - 3919293 

v = v{q u q 2 ,q 3 ) = 2 



q( + 92 + 9s - 9i 92 - 9293 - 9s9i 
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In particular, if \fa e K then K(x, y, z) 07 ' 1 ' 1 is rational over K . 

Proof. We see L(x, y, z) 07 * 1 - 1 = L(qi, q 2 , q 3 , q^)^ 33 ^ and the action of a 3B on L(qi, q 2 , q 3 , 54) is 
given by o" 3B : ?i 1— >■ 92 ^ 93 ^ 9i, 94 ^ 94- By Lemma 3.5, we get 

L(x,y,z) G7 ^ = L(si,u,u,g 4 )- 

The relation (15) becomes 

g| = Sj - 4s 2 + 2sis 2 + s 2 , - 4s 3 - 4siS 3 - 4(gi<?2 + <?2<?3 + 9s5i) 

where Si = q±, s 2 = q\q 2 + q 2 q 3 + q 3 qi, s 3 = q±q 2 q 3 are the elementary symmetric functions in q 1 , 
q 2 , 93. We also see 

s 2 = Si(u + v) — 3(u 2 — uv + v 2 ), 
S 3 = S\UV — (u 3 + v 3 ), 

?i?2 + <?2<?3 + <73<7i = s? - " - 3si« 2 + 3(2w - v)(u 2 - uv + w 2 ) 
(see, for example, [HK10, Theorem 2.2]). Thus we get 

(17) q\ = sj(l - u + v) 2 - 2si(2w - 3m 2 + u 3 + 2v - uv + 3v 2 + v 3 ) 

+ (u 2 -uv + v 2 )(12 - 20m + 9m 2 + I6v - 9uv + 9v 2 ). 

Hence we put 

( t — s s + t\ 

s:=q A + si(l -u + v), t:=q A - si(l -u + v), Si = — ■ — -, q A = — — . 

V 2(1 — u + v) 2 / 

Then L(s\,u, v, q^) = L(s, t, u, v) and the relation (17) becomes linear in both s and t. Thus we 
get L(x, y, z) 07 ' 1 ' 1 = L(s, t, u, v) = L(s, u,v). □ 

We evaluate the actions of —f3i and p a on L(s,u,v) as follows: First we see 

, 1oX q 3 v — u 2 + uv — v 2 q 3 u — u 2 + uv — v 2 

(18) qi = , g 2 = , 

q 3 -u q 3 -v 

1 q / \ O / O Q 

g 4 = ( ? 3 (— 1 + u — v) + q 3 s + q 3 (—su + 3u — 3u — sv — 3uv + 6u v + 3v 

— 6uv 2 + 3v 3 ) — u 3 + w 4 + suv — u 3 v — v 3 + uv 3 — v 4 j j (^(q 3 — u) (q 3 — u)j. 

Then L(q r 1 , . . . , 54) = L(s,u,v)(q 3 ) is a cyclic cubic extension over L(s,u,v). The minimal 
polynomial of q 3 over L(s,u,v) is given by 

(19) 2(-s + 2u + su - 3m 2 + m 3 + 2v - - m; + 3v 2 + v 3 )q% 

+ {s 2 - 12m 2 + 20m 3 - 9w 4 + 12m; - 36u 2 v + 18u 3 v - 12v 2 + 36uv 2 - 27u 2 v 2 

- 16v 3 + 18uu 3 - 9v 4 )ql 

+ (— s 2 m + 6sm 2 — 6sm 3 — 2-u 4 + 3u 5 — s 2 v — 6suv + 12sw 2 f + 4-u 3 f — 3-u 4 t> 

+ 6sv 2 - 12suv 2 - 6u 2 v 2 + 3u 3 v 2 + 6sv 3 + Auv 3 + 3u 2 v 3 - 2v A - 3uv 4 + 3v 5 )q 3 
+ (su - 2m 2 + m 3 + 2uv - 3u 2 v - 2v 2 + 3uv 2 - 2v 3 )(-2u 2 + 2u 3 + sv + 2uv 

- 3u 2 v - 2v 2 + 3uv 2 - v 3 ) 

with square discriminant (u — v) 2 f(s, u, v) 2 where f(s, u, v) G L[s, u, v] is a polynomial of degree 
4, 8, 8 with respect to s, u, v respectively. 
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By using (16), (18) and (19), we can evaluate the actions of —j3i and p a on L(s,u,v). Indeed 
the action of —j3i on L(s,u,v) is given by 

3U 2 - 6U{u + v) + s{s + 6u - 6v - 4) 



: s i — y 



v i — y 



D 

3U 2 - 2U(Au - 2v - 3) + s 2 - 2s - Asv + Av 

D : 
2(U(u - 2v - 3) + su - s + 2u) 



D 

where D = 3U 2 — 6U (2u — v — 3) + s 2 — 2s — Qsv — I2u + I2v + 4 and U = u 2 — uv + v 2 . However 
the action of p a on L(s,u,v) becomes more complicated. 

We normalize the action of —j3i as follows: First we see that (i) the denominators of — Pi(u) 
and —j3i(v) coincide, and (ii) the numerator of —j3i(v) is linear in s. We also see 

„ , , 2(U(2u -v-Q) + sv + 6u-4v-2) 

-AH = — + 1- 

Put 

u- 1 
ri := . 

v 

Then both of the numerator and the denominator of 

U(2u - v - 6) + sv + Qu - 4v - 2 

becomes linear in s. Therefore we see that 

L(s,u,v) = L(r 1 ,r 2 ,v). 
The action of —j3i on L(r 1 ,r 2 ,v) is given by 

r x r 2 - 1 



-fix : n !->■ r 2 , r 2 4 « 4 



(r? - n + l)(rl - r 2 + l)i>' 
We also put 

r 3 := i)(ri - r x + 1), 

then we get 

L(x,y,z) G7 '^ = L(s,u,v) = L(n,r 2 ,r 3 ). 

The action of —j3i on L(ri,r 2 ,r 3 ) is given by 

o nr 2 - 1 
~Pi : ri >->• r 2 , r 2 ^ n, r 3 ^ . 

^3 

We also see that the action of p a is given by 

Ri R 3 (rir 2 - 1)R 5 

Pa '- ri * R 2 ^ * iV ^ * r 3 R 2 

where 

q rt O O 

Ri = r\ + r 2 — 2r!r 2 — r : r 2 — rir 2 + 2r 1 r 2 — 2r 2 r 3 + 2r 1 r 2 r 3 + r 2 r 3 , 

R 2 — 1 + ri - 3r x r 2 - r^r 2 + 2rjV 2 + r 3 - 2r 2 r 3 - r x r 2 r 3 + 2r\r\r 3 - r 3 + r 2 r 3 , 

i?3 = ~ r i + r i r 2 - 2r x r 3 + 2rjr 2 r 3 - rir 3 - r 2 r 3 + 2rir 2 r 3 , 

i?4 = 1 - r\ — r±r 2 + r\r 2 + r 3 - 2rir 3 - r\r 2 r 3 + 2r\r 2 r 3 — r\ — r 2 r 3 + 2rir 2 r 3 , 

R 5 = -1 + rir 2 - r 3 + + r 2 r 3 + r 3 . 
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Lemma 12.5. We have L(x, y, z^ 7 ' 1 ' 1 = L(ri,r 2 ,r 3 ) = L{t\,t 2 ,t 3 ) where 

Ri R 3 , _ r 2 - r\r\ - r\r 3 - r 2 r 3 + rir 2 r 3 - R 3 

Proof. The assertion can be checked directly as 

't 3 Ti Ti t 3 T 4 



(ri,r 2 ,r 3 ) = (- 



T 2 t 3 T 3 T 2 
where 

T\ = — 1 — t 2 — tit 2 — t\t\ — 3t 3 — 3t\t 2 t 3 — t 3 — t\t\, 

T 2 = 1 + 2tit 2 + t\t 2 + 3t 3 + t\t 3 — t 2 t 3 + 3tit 2 t 3 + t\t 2 t 3 — t\t 2 t 3 + t 3 + 2t\t 3 — t±t 2 t 3 , 

T 3 = l + 2t 2 - ht 2 + 3t 3 - t ± t 3 + t 2 t 3 + t 2 3: 

2~4 = ti + t 2 + t\t 2 + t\t\ + 1t\t 3 + 1t\t 2 t 3 + t\t^. 

The actions of ~Pi and p a on L(x,y, z) 07 - 1 - 1 = L(ti,t 2 ,t 3 ) are given by 

M2 + 1 



□ 



-Pi : ti H> t 2 , ^2 !->■ t 3 



t. 



3 



_ _ 1 1 t x t 2 + 1 

t 2 Z\ lit 3 

We take 

ht 2 - 1 + 1 

Ml : ^TT' M2 : IS-' M3 : 

Then y, z) G7 ' M = L(ti,t 2 , t 3 ) = L(ui,u 2 , u 3 ) and the actions of — ^ and p a on L(x, y, 2;) G ' 7 ' 1 ' 1 
= L{ui,u 2 ,u 3 ) are given by 

2 2 

-/?! : Ml !->■ Ml, M 2 !->■ 7 77 , «3 | -> 



(mi + 1)m 2 ' (mi-1)m 3 ' 
p a : y/a !->■ — \/a, Mi 1— > -Mi, m 2 !->■ m 3 , m 3 >->■ w 2 . 

Hence we get 

K(V^I)(x,y,z) Gr ^ 1 = L(u u u 2 ,u 3 ) {pa) = K(V=T)( Ul Va, u 2 + u 3 , (m 2 - u 3 )y/a) 

is rational over K{y/^T). By Lemma 12.2, we conclude that K(x,y, z) Gr > 1A is rational over K if 
[K(y/E, v^T) : if] < 2. 
By Theorem 3.3, we have 

Lix^y^z) 07 ' 3 ' 1 = L(mi,m 2 ,m 3 ) <_/3i> = L(m u m 2 ,m 3 ) 

where 

_ u 2 - (^i)/m 2 _ (Mi - 1)(-2 + ^ + mim|)m 3 

^1 M l' ^3 I 1 \ I —1 \ 1 1 \ A 11,111 1 

M 2«3 - (^Ti)(^t)/(^ 3 ) 4-m^ + m^m^ 

_ ^3 - (^tt)M _ (Mi + l)(2-M^ + MiM^)M 2 

M 2 W 3 - (^)(^)/(m 2 M 3 ) 4 - «|u§ + M 2 M 2 M 2 

The action of p a on L(mi,m 2 ,m 3 ) is given by 

p a : v^a 1 — y —y/a, m\ >->■ —mi, m 2 h-> m 3 , m 3 h-> m 2 . 

Hence we get 

if(-\/-T)(a;, y,z) G7 ' 3A = L(m 1 , m 2 , m 3 ) <Pa> = Zf(\/^I)(rai\/a, m 2 + m 3 , (m 2 - m 3 )y/a) 
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is rational over K(\/—l). 

12.3. The case of £7,2,1 with e\ = — 1. We consider the case of 

^7,2,1 = (Tl, Ai, (T3B, —-^3) 

with £i = —1. The actions of r 1; Ai, cr 33 and — I 3 on K(x,y,z) are given as in (11) and (12). 
Define 

-I 3 : x ^ -, y H> -, z H> -, 

x y z 

a a a 
-i 3 : rr H> , y ^ , z ^ 

x y z 

and take p e Aut j R-/\"(x, y, z) as 

P '= : a: ^ -x, y ^ -y, 2 ^ 

Then we get the following lemma and we will use (ii) in the next section. 

Lemma 12.6. Let p = (—I 3 +1 ^)(—I 3 ^) e Autx7T(a;, y, 2) as above. Then we have 

(i) K{x,y,z)^- l( ^) = K(pf,p±, pf), 

(ii) X(x,y,2;)< T1 ' Al '^ = K(pf jp~{ ,p% /p 2 ,p£ /p 3 ), where 

+ (x 2 - a)(y 2 + a) + (y 2 - a)(z 2 + a) + (^ 2 - a)(x 2 + a) 

^ 1 x{y 2 — a) ' ^ 2 y(z 2 — a) ^ 3 z(a; 2 — a) ' 

_ (x 2 - a)(y 2 + a) _ _ (y 2 - a)(z 2 + a) _ _ (z 2 - a)(x 2 + a) 
y(x 2 + a) ' ^ 2 z ^y2 _|_ a ) > P3 ^.^2 _|_ a ) 

Proof. Here we show only the case K"(x, y, z)( ri ' Al ' -7 3 + an d omit the cases K(x, y, z)< Tl ' Al ' _7 3 } ) 
and J\"(a;, y, 2;)^ Tl ' Al ' p ^ because one can prove them by a similar way. From the definition, we 

have K(x,y,z) {TlM -^ +1) D K(pf,pt,pt)- Write (Pi,P2,Pa) := (p^P^Pa")- Put *i = (a; - f) 2 , 
t 2 = (y- ^) 2 , t 3 = (2 - ^) 2 , then we have [K(x,y,z) : t 2 , = 4 3 = 64. On the other 

hand, we have 

2 i 1 (i 2 + 4a) 2 t 2 (t 3 + 4a) 2 t^ + Aa) 
Pi = 7 , P2 = 7 , P 3 = 7 , 

f2 13 Jl 

from which we see K(pj, p\,p\) = K(t 1 ,t 2 ,t 3 ). Since [K(p 1 ,p 2 ,p 3 ) ■ K{p\,p\,p 2 3 )\ = 8, we get 
[K(x,y,z) : K(p 1: p 2: ps)] = 64/8 = 8, and the assertion follows. □ 

The action of ct 3 b on K (pf , pf , pf) is given by o" 3 b : pf ^ pf ^ pf ^ pf ■ Hence we conclude 
that K(x ) y : z) G7 ' 2 ' 1 = K(pf : pf ,p 3 )^ 3B ^ is rational over K. 

Remark 12.7. We may use Lemma 12.1 to obtain another proof of Lemma 12.6 (i). It follows 
from Lemma 12.1 that 

K(x,y,z)^- l{ ^ = L(w 1 ,w 2 ,wa)< Pa ' p - 1 ~ I * ±1)) = K(pf,pf,pf). 

Note that the actions of p a and p_i on L(w 1 , w 2 , w 3 ) are given as in (14) and the action of — 7 3 ±1 ' ) 
is given by 

(+i) ^3(^2 - 1) w 2 - w 3 w 1 (w 2 - l)(w 2 - w 3 ) 

w 2 (w 1 - w 3 ) w 2 {w 1 - 1) w 2 (w 1 - l){Wi - w 3 ) 

(_!) W 2 (W 3 - l)(wi - W 3 ) Wi(w 3 -1) 



W 3 (u> 2 - l)(^i - W 2 ) ' ~ W 3 (wi-W 2 y ' (w 2 -l)w 3 
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We also may get the transcendental basis pf,pf,pf of K(x, y, z)^ 1 ^ 1 " 1 ^ )s > via Wi,w 2 ,w 3 : 
+ _ 2 v /a v / -T(w 3 - w 1 w 2 )(w 2 - w 1 w 3 )(wi - w 2 w 3 ) 



Pi 
Pt 

pi 
Pi 

P~2 
Pi 



[W\W 2 — W\W 3 — W 2 W 3 + W\W 2 W 3 ){wiW 2 + W1W3 — W 2 W 3 — W\W 2 W 3 ) ' 
2y/a\^T(wiW 2 — W\W 3 + W 2 W 3 — W\W 2 W 3 ){w\W 2 + WiW 3 — W 2 W 3 — WiW 2 W 3 ) 

WiW 2 W 3 (l + Wi — w 2 — W 3 )(l —Wi+W 2 — W 3 ) 
2y/d~^f^lWiW 2 W 3 (l — Wi — W 2 + W 3 )(l — W 1 +W 2 — W 3 ) 
(w 3 - WiW 2 )(w 2 - WiW 3 )(wi - W 2 W 3 ) 
2y/a(w 3 - w 1 w 2 )(w 2 - WiW 3 )(Wi - W 2 W 3 ) 



WiW 2 W 3 (l +W1—W2 — w 3 )(l - Wi - w 2 + w 3 ) ' 
2^/a(w 1 w 2 - w x w 3 + w 2 w 3 - w 1 w 2 w 3 )(w 1 w 2 + u>iu> 3 - w 2 w 3 - Wiw 2 w 3 ) 
(w 3 - w 1 w 2 )(w 2 - WiW 3 )(w 1 - W 2 W 3 ) 
2y/awiw 2 w 3 (l + wi — w 2 — w 3 )(l - w\ — w 2 + w 3 ) 

(wiW 2 - W±W 3 + W 2 W 3 - WiW 2 W 3 )(wiW 2 - WiW 3 - W 2 W 3 + WiW 2 W 3 ) 

13. The case of G 7jjt2 

In this section, we consider the following five groups G = GV Jj2 , 1 < j < 5, which have a 
normal subgroup (r 2 ,\ 2 ): 



£7,1,2 = 


(t 2 ,X 2 


. 0"3B) 


= A4 


= (C 2 x C 2 ) x C 3 , 


G72, 2 = 


(r 2 , A 2 . 


. 0"3B, --^3) 


= A4 


x C 2 = {C 2 x C 2 x C 2 ) xi C3, 


^7,3,2 = 


(r 2 , A 2 . 


. 0"3B, -^2) 


= o 4 


= (C 2 x C 2 ) x <S 3 , 


^7,4,2 = 


(r 2 , A 2 . 


. 0"3B,/?2) 


= o 4 


= (C 2 x C 2 ) x <S 3 , 


C 7 ,5,2 = 


(r 2 , A 2 . 


, 0"3B, /?2, --^3) 


= o 4 


x C 2 = (C 2 x C 2 x C 2 ) xi 1S3. 


The actions of r 2 , A 2 


°3B, 


-/3 2 , /3 2 and - 


I 3 on 


fT(x, y, z) are given by 


ay 

t 2 : x !->■ — , 

z 


y >->■ 


bx c 
— , z H> -, 




. dz e fx 
A 2 : x (->■ — , y i-> -, z i-> — , 

1/1/1/ 


cr 3B - x ^ gy, 


y >->■ 


foz, z 1 — ^ ix, 




— p 2 : x i->- — , y 1— )> — , z !->■ tz, 
x y 


mx 

(3 2 :x 1— >■ 

z 






, Z !->■ - 

2 -2 




pgr 
-i 3 : x f-^ -, y h-> -, z H> -. 

x y z 



We may assume that g — h — i — lby replacing (py, g'/iz) by (y, z) and the other coefficients. 
By the equalities r| = = cr| B = (— /3 2 ) 2 = /3| = (— Is) 2 = ^3, we have ah = c, df = e, / = 1 
and m 2 = n 2 = o. 

By the relations of the generators of G 7 ,i, 2 as in (8), we have a = f , b = d = ea, c = e with 
e = ±1. 

By the relations of —f3 2 , f3 2 , —I 3 with the generators of G 7 ,i, 2 , we have j = m = ek = a, 
nm = c, p = q = r = a 2 so that the problem reduces to the following cases: 

ay eax ea 2 , eaz ea 2 ax 
t 2 : x \-> — , y h-> , z H> , A 2 : x h-> , y >->■ , z >->■ — , 

z z ■ z y y y 

az eaz 

(20) a 3B : x ^ y, y ^ z, z ^ x, -p 2 : x ^ — , y H- , z h-> 

x y 

ax eay a 2 a 2 a 2 a 2 

p 2 : x (->■ — , y i-> , z (->■ — , -i 3 :xf-> — , y i-> — , zH- — 

z z z x y z 

where a G K x and £ = ±1. 
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13.1. The case of e — 1. We treat the case where e — 1 in this subsection. If we replace 
(x/a,y/a,z/a) by (x,y,z) then the actions of r 2 , A2, 03B, —02, P2 and — ^3 on K(x,y,z) are 
given by 

y x 1 z 1 x 

7~2 * x 1 — y — , y 1 — y — , z 1 — y — , A2 : 1 4 -, y 4 -, z 4 -, 

z z z y y y 

z z 

a 3B : x y, y z, z x, -p 2 : x ^ -, y ^ -, z ^ z, 

x y 

x y 1 111 

/5 2 : x ^ -, y -, z ^ -, -I 3 : x 1 y , y 1 y , z 1 y . 

z z z x y z 

Because the actions of G 7 j :2 , 1 < j < 5, on K(x,y,z) are 3-dimensional purely monomial, it 
follows from Theorem 1.2 that all of the fixed fields K(x, y, z)° 7 ' j ' 2 , 1 < j < 5, are rational over 
if. 

Indeed, using Theorem 3.16, we get explicit transcendental bases of the fixed fields over K as 
follows: Put 

*:=£±i, y :=«+!, Z: =£±I. 
y+z x+z x+y 

Then K {x, y, z) = K(X, Y, Z) because for any a e if x , we have 

K (x, y, z) = K(x + y,y + z, z + x) = K(x + y + z,y + z, z + x) 

(21) =K( X + V + Z , y + * , Z + X 

\x + y + z + a x+y+z+a x+y+z+a 

x + y y + z z + x 



= K 

.x+y+z+a x+y+z+a x+y+z+a 
'x + a y + a z + a 



= K 



y + z ) x + z ) x + y 



The actions of r 2 , A 2 on K(X, Y, Z) are given by 

7-2 : x ^ 1 y ^ 1 z ^ z, a 2 : x ^ 1 y y, z ^ 

We note that the action of (r 2 , A 2 ) on if (X, y Z) is an affirmative case of £3,1,1 G A/" (cf. Theorem 
3.16). By Theorem 3.16, we have K(x,y, z)^ 2 '^ = if (v± : v 2 , V3) where 

2(-X + y + Z-XYZ) x 2 -y 2 -z 2 + l 



Vi :-- 



1-XY -XZ + YZ x-yz 



. —x 1 + y 2 — z 2 + 1 2 —x 2 — y 2 + z 2 + 1 

v 2 ■■= <7 3B (ui) = , v 3 := a 3B (vi) = . 

y — xz z — xy 

Now we take 

V\ + v 2 v 2 + v 3 v 1 + v 3 

«i := -, u 2 := -, u 3 : = -. 

v 3 — 2 V\ — 2 v 2 — 2 

Then we see if («i, w 2 , w 3 ) = if (i>i, i> 2 , 1*3) (cf. (21)). The generators Ui,u 2 ,u 3 are given in terms 
of x, y and z explicitly as follows: 

Lemma 13.1. We have K(x,y, z)^ 2 '^ = K(ui,u 2 ,u 3 ) where 

(x + y)(z + l)(z — xy) (y + z)(x + l)(x — yz) (x + z)(y + l)(y — xz) 

1 (x — yz)(y — xz) ' 2 (y — xz)(z — xy) ' 3 (x — yz)(z — xy) 

The actions of <7 3 b, —$2, and — -^3 011 -^(^1,^2,^3) are given by 
(22) a 3B : Ui >->■ u 2 , «2 ^ «3, M 3 ^ «i, -^2 : «i ^ ""2 ^ —u 3 , u 3 ^ -u 2 , 

fi 2 :ui 1 y ui, u 2 1 y u 3 , u 3 u 2 , -h '■ ux -ui, m 2 -u 2 , % !->■ -u 3 . 
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From this, we can easily get explicit transcendental basis of K(x, y, z) Gr ' j ' 2 , 1 < j < 5, over K 
for e = 1. 

Remark 13.2. Hoshi-Rikuna [HR08] solved the rationality problem of the group = 
(t~2, A2, o"3B 5 — P2) with e = 1 which is the remaining case of purely monomial actions in Hajja- 
Kang's paper [HK94]. Indeed the fact that £7,3,2 = <S>4 acts on K(x,y, z)^ T2 ' x ^ via the twisted 
5 3 -action as in Theorem 3.10 was given in [HR08, page 1827]. 

13.2. The case of e = —1. We treat the case where e = — 1 in this subsection. We consider 
a method to solve the rationality problem of G 7 j t2 over K by applying results of G 7 j t i as in 
Section 12. We also give an another proof to the case e — 1, although we treated it in the 
previous subsection. 

We assume that the action of £7^,1 on K(yi,y 2 ,y 3 ) : = K(x,y,z) is given as in (11) and (12). 
For 1 < j ' < 5, the subgroups Gjj^i and GVj,2 of GL(3,Q) are conjugate in GL(3, Q) but not in 
GL(3,Z). Indeed we have 

(23) P-'G^P = G 7J>2 , (1 < i < 5) 

where 



1 1 

1 1 
1 1 



2 



-1 1 1 
1 -1 1 
1 1 -1 



We put 



Xj ■= Y[yT'\ U = 1,2,3) where p = \Pi,j\i<i,j<3- 
i=i 

We assume that G 7 j :2 acts on K(x\, x 2) x 3 ) := K(x, y, z) as in (20). Then we have the following 
theorem: 

Theorem 13.3. Let G 7 j t i (resp. £7,^,2) act on K(yi,y2,y 3 ) (resp. K(xi,X2,x 3 )) by monomial 
actions as in (11) and (12) (resp. (20)). Let p be a K -automorphism on (2/1? 2/2, 2/3) defined by 

P ■ V\ ^ -yi, y 2 !->• -2/2, 2/3 >->■ -2/3- 

T/ien we /iawe 

(i) K(y u y 2 ,y 3 ) {p) = K(x 1 ,x 2 ,x 3 ) and [K(y 1 ,y 2 ,y 3 ) ■ K(x 1: x 2: x 3 )] = det(P) = 2; 

(ii) under the assumption S\ = 1 /or G^i ande = 1 forG 7 j^, the action ofG 7 j^ on K(xi,x 2 , x 3 ) 
coincides with the action of G 7 j i2 and K(x±, x 2 , x 3 ) Gl ' j ' 2 = K(y 1 ,y 2 ,y 3 Y G7 - j - 1 '^ for 1 < j < 5; 
(hi) the action of £7,1,1 with E\ = —1 on K(xi,x 2 ,x 3 ) coincides with the action of £7,1,2 with 
e = -l andK( Xl ,x 2 ,x 3 Y T2 ^ = K( Vl , y 2 , y 3 ) <T1 ' Al ' p> • 

Proof. By the definition, we have (xi, x 2 , £3) = (2/22/3, 2/i2/3, 2/12/2)- Then (i) is evident. 

From (23), the first assertion (ii) follows if the actions of £7,^,1 and G 7jj: 2 are purely monomial. 

For the other cases, we can check the assertion by direct calculation. 

Because we have pa = ap for any a e £7,^,1, we see K(y 1: y 2 , yz)^ 7 ^' 1 ^ = (K(yi,y 2 , 2/3)^) G7j ' 1 = 
K{x 1 ,x 2 ,x 3 ) G ^ 2 . □ 

By Theorem 13.3, we should study the fixed field K(y 1: y 2 , y 3 )^ T1 ' Al '^. Using results in the 
previous section, we obtain the following lemma: 

Lemma 13.4. We have 

K(yi,y 2 ,2/ 3 ) <ri ' Al ' p> =K( Ul ,U2,u 3 ) 
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where 

Mi = (a(-yi + 2/2 + 2/3) - yiymKa^yi - 2/2 + m) - 2/12/22/3) . f = 1 
(a - yiy 2 - ym + 2/22/3) (a - ym + 2/12/3 - 2/22/3) 
2/2(2/1+0) 

Ml = — -r-n r, 11 £1 = -1, 

2/1(2/2 - a ) 

u 2 = cr 3B (ui), u 3 = of B (wi) 
and ei is given as in (11). 

Proof. When E\ = 1, we see K(y±, y 2 , 2/3)^' = -^(^1, ^2, ^3) where t>i,t>2,t>3 are given by (13) 
in Subsection 12.1. The action of p on K{v 1, t> 2 , ^3) is given by p : v i h-> — i>j, (i = 1,2,3) and 
hence K(yi,y 2 ,y 3 Y T1 < Xl ' p) = K(v 1 v 2 ,v 2 v 3 ,v 3 v 1 ) = K(ui,u 2 ,u 3 ). 

When ei — — 1, the assertion follows from Lemma 12.6 (ii). □ 

Lemma 13.5. VFe have 

K(x u x 2 ,x 3 )^ M) =K( Ul ,u 2 ,u 3 ) 

where 

_ (a(x l x 2 + X1X3 - x 2 x 3 ) - x 1 x 2 x 3 )(a(x 1 x 2 - x x x 3 + x 2 x 3 ) - XiX 2 x 3 ) ^ j 

^1X2X3(0 + xi - rc 2 - x 3 ) (a - xi + x 2 - x 3 ) 
x 2 x 3 + axi ., 

Mi = , it £ = —1, 

xix 3 — aa:2 

«2 = 0'3b(wi), «3 = 0"Ib( M i) 

and £ is given as in (20). 

Proof. By Theorem 13.3 and Lemma 13.4, we get K(x±, x 2 , rr 3 )( T2 ' A2 ^ = K(yi,y 2 ,y 3 )^ T1 ' Xl ' p ^ = 
K(ui, u 2 , u 3 ). By the definition (xi, x 2 , x 3 ) = (2/22/3? 2/12/3, 2/12/2), the u\ in Lemma 13.4 is expressed 
in terms of x±, x 2 , x 3 as given in Lemma 13.5. □ 



When e — 1, the actions of a 3B , —/3 2 , (5 2 and 


-I 3 on 


K(x,y,z) {T2 ' X2) 


= X(Mi : 


,u 2 , 


u 3 ) 


are given 


by 
















-A: 


a 2 


a 2 






a 2 


0"3B : «1 !->■ M 2 , «2 ^ «3, «3 ^ Ml, 


Ui H-> , M 2 


>-> — , 


u 3 


!->■ 






Mi 


u 3 






M2' 






a 2 

Mi !->■ , M 2 

Mi 


a 2 

>-> — , 

u 2 






a 2 
M3' 


/3 2 : Ml !->■ Ml, M 2 !->■ M 3 , M 3 l-> M 2 , 




u 3 


1 — ^ 


Therefore if we put 














Mi + a 


M2 + a 


m 3 + a 










«i := , v 2 := 




^3 := 










ui — a 


m 2 — a' 


m 3 — a 











then K(ui,u 2 ,u 3 ) = K(vi,v 2 ,v 3 ) and the actions of G 7 j :2 , 1 < j < 5, on K(x,y, z)< T2 > A2 > = 
K(vi,v 2 ,v 3 ) are given as the same as in (22). Then we can confirm that the fixed fields 
K(x, y, z) Gr ^' 2 , 1 < j < 5, are rational over K. Note that 

(xy + az)(xz — ay)(yz — ax) 



(xy — az)(a 2 xy + ax 2 z — Aaxyz + ay 2 z + xyz 2 ) 

(cf. Lemma 13.1). Though the transcendental basis of K(x, y, z) 1 ^ 2 ^' 21 over K obtained here is 
different from the one obtained in Lemma 13.1, the purely monomial actions of Gyj i2 act in a 
same way for both of them. 
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When e = — 1, the actions of <t 3 b, —fii, &2 and —I 3 on K(x,y, z)^ 2 '^ = K(ui, u 2 , u 3 ) are 
given by 

-1 -1 -1 

C"3B : Ul H> U 2 , U 2 I— > W 3 , M 3 ^ Mi, -/5 2 : Mi H- , W 2 ^ , M 3 H> , 

U 2 Ui U 3 

(3 2 :ui h-» — , w 2 h-> — , u 3 i-> — , -7 3 : m (-> —ui, w 2 !->■ ~u 2 , U 3 !->■ -w 3 . 

W 2 Ml M 3 

By Lemma 3.5, K(x,y, z) 07 ' 1 ' 2 = K(ui,u 2 ,u 3 )( a3B ^ is rational over The groups £7,3,2 and 
G7 5 4 )2 act on J\~(-ui, w 2 , w 3 ) by the twisted iS 3 -action as in Theorem 3.11. Hence K(x,y, z) Gr ' 3 ' 2 = 
K(u 1 ,u 2 ,u 3 ) ( - CT:iB ~^ 2 ' > and K(x, y, z) G7A ' 2 = K(ui,u 2 ,u 3 )^ 3B ' 132 ^ are rational over K (see Theorem 
3.11 or Section 9). By a result of Section 9, we can also get explicit transcendental bases of the 
fixed fields over K. For G 7 , 2 , 2 = (r 2 , A 2 , a 3B , -h) and £7,5,2 = (r 2 , A 2 , <t 3B , /3 2 , ~h), we see 

K(x,y,z)^- l3 > = K( Ul ,u 2 ,u 3 )^ = K(h,t 2 ,t 3 ) 

where 

h ■= m 2 m 3 , t 2 := u 3 u u t 3 := MiM 2 . 
The actions of a 3B and (3 2 on K(ti,t 2 ,t 3 ) are given by 

1 1 1 

<7 3B : ti ^ t 2 , t 2 i-> t 3 , t 3 ^ t u P2-h ^ — , h i-> — , t 3 ^ —. 

t 2 t\ t 3 

We now see K(x, y, z) Gr ' 2 < 2 = K(t±, t 2 , t 3 )^ CT3B ^ is rational over K by Lemma 3.5. The group 
£7,5, 2 acts on K(ti,t 2 ,t 3 ) by the twisted iS 3 -action. Thus it follows from Theorem 3.10 that 
K(x,y,z) Gr ^ 2 = K(t 1 ,t 2 ,t 3 Y rT3B '^ is rational over K. 

Remark 13.6. Conversely, the monomial action of £7,1,2 on K(yi,y 2 ,y 3 ) leads to the monomial 
action of £7,1,1 on K(x 1 ,x 2 ,x 3 ) by putting (x 1 ,x 2 ,x 3 ) := (y 2 y 3 /yi, 3/12/3/2/2, 2/12/2/2/3) • However 
both of e = ±1 for £7,1,2 lead to the purely monomial action of (ti, Ai), and non-purely monomial 
action of (ri,Ai) does not appear by this method. In many cases, the method used in this 
subsection is useful to investigate purely monomial actions, but not so useful for non-purely 
monomial actions. 

Example 13.7. We give an application of the result in this section to linear Noether's problem 
over Q (see Corollary 1.9). The groups H := SL(2,F 3 ) and £ := GL(2,F 3 ) have a monomial 
representation p in GL(4,Q). Indeed we have 

p(H) = (A,B,C), p(G) = (A,B,C,D} 

where 








1 





" 










1 










1 


" 




1 








' 


A = 


-1 











, B = 











-1 


, c = 


-1 








, D = 





-1 



















1 




-1 














-1 
















1 










-1 










1 
















1 










1 






The linear actions of H and of G on Q(V) = Q(wi,w 2 ,w 3 ,W4) are given by 

A : wi (->■ — w 2 1 — y —w 1 1 — y w 2 1 — y m?i, w 3 i — y — u> 4 \-y —w 3 >->■ (->■ w 3 , 

B \ W\ 1 — y —w 3 1 — y —w 1 \-y w 3 >->■ w±, w 2 (->■ u> 4 (->■ — w 2 \-y — u> 4 \-y w 2 , 

C ~. W\ 1 — y —w 2 1 — y w 3 1 — y wi, u> 4 h-> u> 4 , D : w\ (->■ «j b u» 2 — u> 2 , m> 3 -b- u> 4 . 

Then the induced linear actions of H and of G on Q(V)o = Q(x,y,z) with x = wi/w^, y = 
—w 2 /w4, z = w 3 /w^ coincide with the monomial actions of Cr 7,1,2 and of G7 i4 , 2 with e = — 1 and 
a = 1 as in (20) respectively. Hence we get another proof of the results of Rikuna [Rik] and 
Plans [Pla07] which claim that Q(V)jf , Q(V) H , Q(V)^ and Q(V) G are rational over Q. Indeed 
Plans showed that the action of G on Q(V) { AB) is the twisted action of S 3 as in Theorem 3.10. 
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14. The case of £7,^,3 

In this section, we treat the following five groups G = £7,^,3, 1 < J ' < 5, which have a normal 
subgroup (r 3 ,A 3 ): 



£7,1,3 = 


{r 3 , h-. 


^3b) 


= ^.4 = 


(C 2 


x C 2 ) x C 3 , 


£7,2,3 — 




0"3B, -J3) 


= i 4 xC 2 


(C 2 


x C 2 x C 2 ) x C 3 , 


£7,3,3 = 


<T3, A 3: 


0"3B, -^3) 


= o 4 = 


(C2 


x C 2 ) x ,S 3 , 


£7,4,3 = 


<T3, A 3: 


0"3B, ^3) 


= o 4 = 


(C2 


x C 2 ) x ,S 3 , 


£7,5,3 = 


(T3, A 3; 


0"3B, /?3, --^3) 


^5 4 xC 2 ^ 


(C2 


x C 2 x C 2 ) x <S 3 . 



The actions of r 3 , A 3 , <t 3 b, — /3 3 , /? 3 and — J 3 on K(x,y,z) are given by 

r 3 : x (->■ ay, 1/ 4 fe, z 4 — — , A 3 : x 1-4 dz, y 1-4 — — , z 1-4 /x, 

xyz xyz 

,7 A/ 

<7 3 B : a; 1-4 yy, y 1-4 /iz, z 1-4 ix, — /3 3 : x 1— )■ — , y (-> — , z h-> Ixyz, 

x y 

o p q r 

p 3 : x i-4 mx, y 1-4 ray, 2; h4 , — i 3 : x 1— >■ — , y h-> -, z 1— >■ -. 

xyz x y z 

We may assume that g — h — i — lby replacing (yy, y/iz) by (y, z) and the other coefficients. 
By the equalities r| = A| = <j| b = (— /3 3 ) 2 = /3| = (— J 3 ) 2 = J 3 , we see ab = df = jkl 2 = m 2 = 
,r 1. 

By the relations of the generators of £7,1,3 as in (8), we have a = f = 1, c = e. 
By the relations of —^3, /3 3 and — 13 with the generators of £7,1,3, we have j = k = Ic, van = 1, 
mo = c, y = g = r, c 2 = y 4 . So that the problem reduces to the following cases: 

c c 
t 3 : x 1 — y y, y 1 — y x, z 1 — ^ , A 3 : x 1-4 z, y 1-4 , z i-4 x, 

xyz xyz 

o J J £ixyz 

o"3B : a; ^4 y, y H> z, z f-4 x, -/5 3 : x 1-4 -, y 1-4 -, z 1-4 — : — , 

x y j 

s 2 c r r r 

p 3 : x h4 e 2 ^, y e 2 y, z 1-4 , -I 3 : x \-> -, y H> -, z ^4 - 

xyz xyz 

where c,j,r e and £i,£ 2 = ±1. We have c = £ij 2 for G = £7,3,3 and £7,5,3, c = e 3 r 2 for 
G = £7,2,3 and £ 7 , 5 , 3 , and j = e 2 r, e 1 = e 3 for £ = £ 7>5i3 . Put 

c 

w := . 



xyz 



Then K(x,y,z) = K(x,y, z,w) with xyzw = c, and the actions of r 3 , A 3 , <t 3 b, — /?3, /3 3 and — 1 3 
on K(x, y, z, iu) are: 



T3 


: x 




y, y 


1-4 X, z 1-4 


w, 


W H4 Z, 


A3: 


; x 




z, y 


1-4 W, Z 1-4 


X, 


w f-4 y, 


0"3B 


: x 




y, y 


1-4 Z, Z 1-4 


X, 


w 1-4 w, 


-03 


: x 


1-4 


X 


1-4 -, Z 1-4 
1/ 


J_ 


, w t-> -, 

z 




: x 


1-4 


e 2 x, 


y h4 e 2 y, z 


1-4 


e 2 w, w 1-4 e 2 z 




: x 


1-4 


r 

-, y 


r 

1-4 -, z i-4 


r 


r 

, W H4 — . 



x y z w 
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By Lemma 3.8, we have K(x,y, z)^ 3 '^ = K(x, y, z, w)^ 3 '^ = K(ui,u 2 ,u 3 ) where 

x+y—z—w x—y—z+w x—y+z—w 

ui := , m 2 := , u 3 := 

xy — zw xw — yz xz — yw 

with w = c/(xyz). The actions of a 3B , — /3 3 , (3 3 and —I 3 on K(x,y, z)^ 3 '^ = K(ui,u 2 ,u 3 ) arc 
given by 

o~3B : Ui h-> m 2 , u 2 h-> u 3 , u 3 i-> Mi, 

-Mi + M 2 + M 3 U 1 +U 2 - U 3 Ui - U 2 + M 3 

-^3 : Ml !->• : , U 2 h-> ; , M 3 !->■ ; , 

J U 2 U 3 ]UiU 2 J U\U 3 

(3 3 :ui h-> e 2 u l , u 2 i-> £ 2 m 3 , % ^ £2^2, 

-Mi + M 2 + M 3 Mi - U 2 + M 3 Mi + M 2 - M 3 

-I 3 : Mi , u 2 , u 3 (->• . 

tm 2 m 3 rwiM 3 ru\U 2 

14.1. The cases of £7,i, 3 and £7,4,5. We consider the cases of 

G7,l,3 = ( r 3, A3, 0" 3B ), ^7,4,3 — ( r 3? A3, <T 3 B, /^3/- 

On the field K(u\, u 2 , u 3 ), ct 3 b acts as a cyclic permutation, and (<j 3 b,P3) acts as a natural 
or twisted ^-action according to e 2 = 1 or —1. So K(x,y, z) GrA ' 3 = K(ui, u 2 , m 3 )^ T3B '' and 
K(x,y, z) G7 ' 4 ' 3 = K(ui,u 2) u 3 Y a3B ^ are rational over if (For twisted ^-action, see Theorem 
3.10.). 

14.2. The cases of £7,2,3 and £7,5,3. We treat the cases of 

£7,2,3 = (73, A 3 , cr 3 B, ~h), £7,5,3 = (73, A 3 , ct 3 b, (3 3 , —I3). 

In these cases, we first consider the fixed field K(x, y, z) ( - T3 ' x ' 3 ~ l3 ' ) since (r 3 ,A 3 , — 1 3 ) is a normal 
subgroup of £7, 2 , 3 and of £7,5,3 respectively. By Lemma 5.1, we have 

K(x,y,z) {T3M '- l3) = K(t u t 2 ,t 3 ) 

where 

-Mi + m 2 + m 3 + ruiu 2 u 3 

fi := Mi + (-/ 3 )(mi) = 

tm 2 m 3 

r(x + y — z — w) + xy(z + w) — zw(x + y) 
r(xy — zw) 

t 2 := u 2 + (-/ 3 )(m 2 ), t 3 := u 3 + (-I 3 )(u 3 ) with w = cj (xyz) . 
The actions of cr 3B and j3 3 on K(x, y, z )^ T3 ' X3 ~ l3 ^ = K(t 1: t 2: t 3 ) are given by 

a 3B : ti H> £ 2 , i 2 h-> t 3 , t 3 \-> ti, 
f3 3 :ti H> e 2 ti, t 2 i-> e 2 t 3 , i 3 e 2 t 2 . 

By the same reason as in Subsection 14.1, K(x, y, z) G7 ' 2 ' 3 = K(ti,t 2 , t 3 )^°" 3B ^ and K(x, y, z) Gr - 5 ' 3 = 
#(fi,*2,*3) <<T3B,/33> are rational over K. 

14.3. The case of £7, 3 , 3 . We treat the case of 

£7,3,3 = ( r 3) A 3 , (J 3 b, — (3 3 ). 
The actions of a 3B and — j3 3 on K(x,y, z)^ 3 '^ = K(ui,u 2 ,u 3 ) are given by 

0"3B : Ui l-> M 2 , M 2 H> M 3 , M 3 !->• Ml , 

-Mi + M 2 + M 3 Mi + M 2 - M 3 Mi - M 2 + M 3 

-p 3 : Mi >->■ : , M 2 ^ : , M 3 >->■ : . 

JU 2 U 3 JU!U 2 ]UiU 3 
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The action of £7,3,3 on K(u 1 ,u 2 ,u 3 ) through £7,3,3/(73, A 3 ) = (cr 3B , -fa) — <S 3 coincides 
with the action as in Theorem 3.12. By Theorem 3.12, we conclude that K(x,y, z) G7 - 3 ' 3 = 
K(ui, u 2 , ■u 3 )<°"aB,-/33> j s rational over K. 

Note that (r 3 , A3, — /3 3 ) = (o- 4 b,A 3 ) = £4,4,2 and we already showed that K(x ) y,z) GAA ' 2 = 
K(u 1 ,u 2 ,u 3 ) ( '~^ is rational over K as in Lemma 7.1. 
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